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Abstract

Mathematical modelling of diffusion-controlled transport is a fundamental tool applied across
numerous disciplines, including biology, physics and medicine. Important applications include
drug delivery from cylindrical and spherical capsules and the drying of thin agricultural prod-
ucts. In this thesis, we consider diffusion-controlled release of particles from geometries with
radial symmetry. A quantity commonly used to characterise such diffusive processes is the pro-
portion of particles remaining within the geometry over time, denoted as P(t). Traditionally,
P(t) is modelled using a stochastic or continuum approach. However, the stochastic approach
is time-consuming, computationally expensive and lacks analytical insight into the influence of
key physical parameters on the release profile. Furthermore, the continuum approach yields
complicated infinite series solutions which obscure the precise effect of each physical parameter
on P(t) and convolute the fitting of experimental release data. To address these issues, we
develop surrogate models that provide relatively simple closed-form analytical approximations
of P(t) which are computationally inexpensive to evaluate. Surrogate models are frequently
used in drug delivery and thin-layer drying applications to describe quantities analogous to
P(t). These models provide meaningful insight into the precise influence of important physical
parameters on the release profile. This implies, for example, that a drug delivery capsule or
drying chamber can then be optimised to achieve a desired release profile while minimising
experimental testing.

Here, we develop several simple one-term, two-term and weighted two-term surrogate models
to approximate P(t) by matching moments with the continuum analogue of the stochastic
diffusion model. These models are developed for homogeneous slab, circular, annular, spherical
and spherical shell geometries with a constant particle movement probability and heterogeneous
slab, circular, annular and spherical geometries comprised of two concentric layers with different
particle movement probabilities. Each model is easy to evaluate and provides analytical insight
into the influence of key physical parameters of the diffusive transport system, including the
dimension, diffusivity, geometry and boundary conditions, on P(t). The weighted two-term
model captures the stochastic and continuum descriptions of P(¢) with the highest degree of

accuracy.
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Chapter 1

Introduction

1.1 Overview

Mathematical modelling of transport phenomena is a valuable tool applied across numerous
disciplines, including biology [1-5], ecology [4, 6, 7], physics [8-10], medicine [11, 12] and other
fields [13, 14]. The most ubiquitous component of transport processes is arguably diffusion,
and many fields of research require an understanding of systems that are diffusion-controlled
or dominated [1, 4, 14]. To elaborate, a mathematical interpretation of diffusive transport is,
for example, fundamental for the estimation of material thermal properties [15, 16], a useful
tool for providing insight into animal migration patterns [4] and vital for the improvement
of effective disease treatment [5, 11, 17]. Here, we focus on the diffusion-controlled release of
particles over time from geometries with radial symmetry, such as discs, annuli, spheres and
spherical shells, which arise in drug delivery and food drying applications (Fig. 1.1).

A quantity frequently used to characterise diffusive processes is the proportion of parti-
cles remaining within the geometry over time, denoted as P(t) [18-21]. Traditionally, P(t) is
modelled using a stochastic or continuum approach. The stochastic approach requires perform-
ing repeated simulations of an unbiased random walk model governing particle movement in
a radially-symmetric domain. The quantity P(¢) is computed by normalising the number of
remaining particles over time for each simulation by the total number of particles (see section
2.2) (Fig. 1.2(a)). In this work, we assume that particles are initially uniformly distributed
throughout the geometry. For the continuum approach, P(t) is computed by determining
the continuum analogue of the stochastic model (Fig. 1.2(b)) and then calculating the spatial
average of the solution (see section 2.3) (Fig. 1.2(c)).

However, the stochastic and continuum approaches have their limitations. Firstly, comput-
ing P(t) using the stochastic approach can be time-consuming and computationally expensive.
Furthermore, there is limited insight that can be obtained into the effect of physical parameters
(e.g. dimension, diffusivity, geometry and boundary conditions) on the release profile!. More-
over, the continuum approach yields complicated infinite series solutions for P(t) [18, 22, 23].

Although these continuum expressions are analytical, their use requires truncation and repeated

IThe term ‘release profile’ refers to the quantity P(t).



Figure 1.1: Diffusion-controlled release of particles from homogeneous (a) circular, (b) annular,
(c) spherical and (d) spherical shell geometries. Here, particles are initially uniformly dis-
tributed and diffuse until they are absorbed at a boundary (see section 2.2).
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Figure 1.2: Stochastic and continuum models of particle release from a homogeneous annular
geometry with a fixed radius L, reflecting inner boundary and absorbing outer boundary. (a)
stochastic analogue of P(t), denoted as Ps(t), obtained from a single simulation of the random
walk model (see section 2.2). (b) dimensionless particle concentration ¢(r, t) obtained by solving
the continuum analogue of the stochastic diffusion model (see section 2.3), where the arrow
indicates the direction of increasing time. (c) continuum description of P(t), denoted as P,(t),
obtained by calculating the spatial average of ¢(r,t) (see section 2.3).
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numerical calculations (see section 3.1). This complexity obscures the precise influence of each
physical parameter on P(t) and complicates the fitting of experimental release data [18, 22]. To
address these issues, we develop surrogate models that provide simple closed-form analytical
approximations of P(t) [24]. In comparison to the stochastic and continuum approaches, these
models are computationally inexpensive to compute and provide meaningful analytical insight

into the effect of key physical parameters on P(t).

1.1.1 Application to drug delivery and food drying

Surrogate models are utilised in numerous disciplines, including in the design and optimisation
of drug delivery capsules [12, 25]. Typically, surrogate models within this scope are developed
to describe the normalised drug mass released or remaining over time, which is a quantity
analogous to P(t) [12, 17, 22, 23, 26, 27|. In general, mathematical models of drug release can
provide meaningful insight into the effect of physical parameters, such as the radius, geometry,
diffusivity and boundary conditions, on the drug release profile. The physical properties of a
device can then be optimised to achieve a desired release profile while reducing experimental
testing [22, 23, 26, 28]. The most influential mechanism in controlling drug release rates is
diffusion, among other effects such as device erosion [23, 26, 29, 30]. In the literature, significant
research has been presented on modelling diffusion-controlled drug release from single or multi-
layered spherical microcapsules [25, 28, 29, 31] and other radially-symmetric devices [11, 12, 22,
23, 32-34]. The benefits include potential enhancement of disease treatment effectiveness [17],
improvements in the safety and efficacy of drug delivery [11] and greater control over release
rates and duration for drug absorption into the blood or tissues [27, 35, 36].

Moreover, surrogate models are frequently used to obtain insight into the kinetics of drying
processes for thin slices of fruits or vegetables. A mathematical understanding of the moisture
release, controlled by diffusion [37], that occurs during the drying of thin-layered agricultural
products is critical for the improvement and optimisation of drying environment design and
product quality [38, 39], while avoiding extensive experimentation [40]. In other words, a
purely experimental approach to food drying that disregards a mathematical interpretation of
drying kinetics can have a negative impact on drying efficiency and the cost of production [39].
Many simple surrogate models have been developed to describe the average moisture content,
analogous to P(t), of a thin-layered product over time subject to different drying conditions
[39, 41, 42].

1.1.2 Surrogate models

Surrogate models describing P(t) and analogous quantities can typically be separated into three
distinct categories: theoretical, semi-theoretical and empirical [41, 43]. The most common
theoretical model is Fick’s second law of diffusion (see section 2.3) [39, 41, 42, 44]. However,
as previously discussed, this model yields infinite series solutions which obscure the precise

influence of each physical parameter on the release profile [18, 22]. Rather, the most widely



applied surrogate models are semi-theoretical and empirical [39, 45]. However, the primary
issue associated with empirical models is their sole reliance on experimental data and statistical
methods to estimate the model parameters [18, 27, 46]. Although these models provide a good
fit with data, there is limited potential for useful analytical insight into the mass transfer process
[25, 45, 46] as the parameters have no physical meaning [41, 42].

Semi-theoretical models can be considered as a compromise between theoretical and empir-
ical models [47] and are of primary of interest in this thesis. These models have the potential
to provide meaningful analytical insight into the precise influence of physical parameters on
P(t). In the literature, exponential, Weibull and other exponential-like functions are com-
monly utilised as surrogate models for P(t) and related quantities [48, 49]. These models
are generally derived by simplifying the infinite series solutions of Fick’s second law or using
Newton’s law of cooling [39, 41, 42, 46]. In drug delivery literature, previous work includes sur-
rogate models for homogeneous slab, circular and spherical geometries with radial symmetry
[12, 18, 22, 23, 26, 33, 50]. Moreover, there exist several semi-theoretical surrogate models for
the average moisture ratio in food drying applications, as summarised by Akpinar [41], Ertekin
et al. [42] and Onwude et al. [39]. Examples include exponential models for the drying of
strawberry [51], mushroom [43] and pumpkin [52], Weibull models for quince drying [53], and
other exponential-like models for the drying of banana [54] and chickpea [55].

Recently, Carr [18] presented several one-term exponential and Weibull models for P(t) ob-
tained by matching moments? with the continuum analogue (see section 2.3) of the stochastic
diffusion model (see section 2.2) for P(t). The work considers homogeneous slab, circular, an-
nular, spherical and spherical shell geometries. The moment-matching approach is attractive as
it captures key temporal behaviour of P(t) yields relatively simple closed-form expressions that
depend explicitly on known physical parameters of the system, including the radius, diffusivity,
dimension and boundary conditions. Hence, meaningful analytical insight into the influence of
key physical parameters on P(t) is able to be obtained. This approach is inspired by previous
work which shows that simple closed-form expressions can be obtained for the temporal mo-
ments of particle exit time for homogeneous and heterogeneous radially-symmetric geometries
[56, 57]. The main drawback of the one-term exponential model is that it tends to overestimate
the early decay, and underestimate the later stages of decay, of P(t) [42]. Moreover, the one-
term Weibull model offers a more accurate description of P(t), but sacrifices model simplicity
and reduces meaningful analytical insight by introducing approximations for model parameters.
Additionally, the surrogate models are developed under the assumption of a constant diffusiv-
ity. However, surrogate models have the potential to provide meaningful analytical insight into
the influence of heterogeneous diffusion on the release profile. This is particularly important in
drug delivery applications, where multi-layered spherical capsules are designed to give greater

control over the drug release rate [17, 25, 56].

2Strictly speaking, the term ‘matching moments’ in this thesis refers to matching temporal moments with
the continuum analogue of P(t), not spatial moments.
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Figure 1.3: Stochastic and continuum values for the proportion of particles remaining over time,
P(t), compared with example (a) two-term and (b) weighted two-term exponential models (see
sections 2.4.3-2.4.5). Here, particles are released from a homogeneous annular geometry with
a reflecting inner boundary and absorbing outer boundary.

1.1.3 Thesis contributions

In this thesis, motivated by Carr [18] and models in the thin-layer drying literature [39, 41, 42],
we develop two-term and weighted two-term exponential models for P(t) (Fig. 1.3). These novel
surrogate models accurately capture the early and late-time decay of P(t) for a collection of test
cases and are simpler in construction than the one-term Weibull model of Carr [18]. We assume
that P(t) takes a functional form with parameters determined by matching moments with the
continuum analogue (see section 2.3) of the stochastic diffusion model (see section 2.2). First,
we reproduce the work of Carr [18] and present one-term models for P(¢) obtained by matching
the zeroth moment with the continuum analogue (see section 2.4.3). Secondly, we develop two-
term models for P(t) by matching the zeroth and first moments with the continuum analogue
(see section 2.4.4). Thirdly, we explore weighted two-term models for P(¢) by matching the
zeroth, first and second moments with the continuum analogue (see section 2.4.5). In this work,
we consider three distinct cases: (i) homogeneous slab, circular and spherical geometries, (ii)
homogeneous slab, annular or spherical shell geometries and (iii) heterogeneous slab, circular
and spherical geometries. Here, the heterogeneous geometries are comprised of two distinct

homogeneous layers.

1.2 Objectives and structure

There are two main research objectives that motivate this thesis:

1. Develop novel accurate surrogate models for diffusion-controlled release from homoge-



neous radially-symmetric geometries.

2. Develop novel accurate surrogate models for diffusion-controlled release from heteroge-

neous radially-symmetric geometries.

The main body of this thesis is comprised of a publication (chapter 2) and supporting infor-
mation (chapter 3). In chapter 2, we present the manuscript published in Physica A (July
2023) which addresses both objectives. This chapter provides several novel surrogate models
for diffusion-controlled release from radially-symmetric geometries. We consider three different
types of boundary conditions and develop surrogate models for seven distinct cases. The first
five cases pertain to homogeneous geometries and the later two are for heterogeneous geome-
tries. Finally, the surrogate models, for two-dimensional radially-symmetric geometries, are
compared to stochastic and continuum values for P(t) for seven test cases. The published
manuscript is available online (https://doi.org/10.1016/j.physa.2023.129067) and code imple-
menting the stochastic, continuum and surrogate models and reproducing the results of the
paper is available on GitHub (https://github.com/lukefilippini/Filippini_ 2023.git). Addition-

ally, the candidate has also disseminated the work presented in chapter 2 on several occasions:
1. QANZIAM Conference (Brisbane, July 2022)
2. CTAC (Brisbane, Nov-Dec 2022)
3. AMSI Summer School (Melbourne, Jan 2023) [Best presentation prize winner|

4. ANZIAM (Cairns, Feb 2023)

Chapter 3 includes supporting details on project conceptualisation, methodology and results
that were not included in the submitted manuscript. Firstly, we discuss in greater detail exact
solutions of the continuum analogue of P(t) and the limitations associated with this approach.
Secondly, we provide a detailed derivation of the three general surrogate models and consider
solutions for three specific cases. Thirdly, we outline the finite volume and time-stepping
schemes used to compute numerical solutions of the continuum model for homogeneous and
heterogeneous geometries. Additionally, we present comparisons, for one- and three-dimensional
radially-symmetric geometries, between the surrogate models and stochastic and continuum
values for P(t). We consider the same seven test cases as in chapter 2. Finally, we discuss
additional project ideas that we were discontinued but could potentially be explored as future
work.

In Chapter 4, we summarise the key aspects and findings of the thesis and discuss avenues

for potential future research in this area.
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Chapter 2

Simplified models of diffusion in

radially-symmetric geometries

2.1 Introduction

Mathematical modelling of diffusion-controlled transport is applied across many disciplines,
including biology [3, 4, 58], ecology [4], medicine [12, 26, 27| and physics [10, 59]. Important
applications include drug delivery from cylindrical [11, 23] and spherical [23, 25-27, 29] devices
and the drying of fruit and vegetable products [38, 39, 43, 60]. Motivated by such applications,
in this paper, we explore diffusion-controlled release from d-dimensional radially-symmetric
geometries (Fig. 2.1(a)). Here, particles diffuse within the geometry until they are absorbed
at a boundary (Fig. 2.1(b)). A key quantity commonly used to characterise such diffusion
processes is the proportion of particles remaining within the geometry over time, denoted as
P(t). This quantity is equivalent to the survival probability [20, 21] of an arbitrary particle
and decreases over time as the number of absorbed particles increases. The shape and slope of
P(t) (Fig. 2.1(d)) is influenced by key parameters such as the dimension, diffusivity, geometry
and boundary conditions of the diffusive transport system [18].

Traditionally, P(t) is calculated using a stochastic or continuum approach. In the stochas-
tic approach, computing P(t) involves repeated simulations of a random walk model gov-
erning the motion of each individual particle. In the continuum approach, computing P(¢)
involves solving the continuum analogue of the stochastic model for the particle concentra-
tion (Fig. 2.1(c)). Both of these approaches have their drawbacks. Firstly, the stochastic
approach is time-consuming and lacks analytical insight into key parameters. Secondly, the
continuum approach yields complicated expressions for P(t) [22, 23] that obscure the influence
of key parameters and complicate the process of fitting experimental release data [18, 22]. To
address these issues, surrogate modelling aims to develop a simplified model that accurately
approximates P(t) and is computationally inexpensive (Fig. 2.1(d)). Previous work includes
exponential, Weibull and other exponential-like models for P(¢) and related quantities [48, 49|
for slab, circular, and spherical geometries with radial symmetry [19, 22, 23, 26, 27, 39, 58].

In this paper, we develop several new accurate surrogate models for P(¢) by matching mo-
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Figure 2.1: (a)—(b) Diffusion-controlled release of particles from a homogeneous annular geom-
etry with a reflecting inner boundary and absorbing outer boundary. Here, particles diffuse
until they are absorbed out of the system (see section 2.2). (c) dimesionless particle concentra-
tion ¢(r,t) obtained by solving the continuum analogue of the stochastic diffusion model (see
section 2.3) with the arrow indicating the direction of increasing time. (d) stochastic and con-
tinuum calculations for the proportion of particles remaining over time, P(t), with an example
surrogate model (see sections 2.4.3-2.4.5) providing a simple accurate approximation to P(t).

ments with the continuum analogue of the stochastic diffusion model. This approach yields
surrogate models that explicitly depend on, and provide analytical insight into, key parameters
of the diffusive transport system. Firstly, we revisit the work of Carr [18] and present one-term
exponential models to approximate P(t), obtained by matching the zeroth moments. Secondly,
we present new two-term exponential models to approximate P(t), obtained by matching the
zeroth and first moments. Finally, we present new weighted two-term exponential models in-
volving an arbitrary weighting of the two exponential terms, obtained by matching the zeroth,
first and second moments. Our scope includes both homogeneous geometries with a constant
particle movement probability and heterogeneous geometries comprised of two concentric layers
with different particle movement probabilities. In addition to standard absorbing and reflecting

boundary conditions, we also consider semi-absorbing boundary conditions, where particles are



either absorbed or reflected with specified probabilities. Both semi-absorbing boundaries and
heterogeneous geometries find application to drug delivery applications, where heterogeneous
multi-layer spherical capsules encapsulated with semi-absorbing permeable outer shells are de-
signed to better control the drug release rate [17, 25, 29]. In total, we present new surrogate
models for three main problems: (i) homogeneous slab, circular and spherical geometries with
an absorbing or semi-absorbing boundary, (ii) homogeneous slab, annular and spherical shell
geometries with absorbing, reflecting and /or semi-absorbing boundaries and (iii) heterogeneous
slab, circular and spherical geometries with an absorbing or semi-absorbing boundary. Each
model is easy to evaluate, agrees well with both stochastic and continuum calculations of P ()
and provides analytical insight into the physical parameters of the diffusive transport system:
dimension, diffusivity, geometry and boundary conditions.

The remaining sections of this work is structured as follows. Firstly, we discuss the stochastic
(section 2.2) and continuum (section 2.3) models and outline how P(t) is calculated in each
case. Secondly, we develop the new one-term (section 2.4.3), two-term (section 2.4.4) and
weighted two-term (section 2.4.5) surrogate models for P(t). Thirdly, we assess the accuracy of
the surrogate models against P(¢) obtained from the stochastic and continuum models (section
2.5). Finally, we summarise the main elements of the work and suggest avenues for future

research (section 2.6).

2.2 Stochastic model

We now describe the stochastic approach for calculating P(¢) using a random walk model
for diffusive transport in d-dimensional radially-symmetry geometries. We consider both a
homogeneous geometry (fy < r < 1) with constant particle movement probability, P, and a
heterogeneous geometry (fy < r < f3) comprised of two concentric layers (¢; < r < ¢; and
0y < r < {y) with different movement probabilities, P, and P,. Our analysis allows for slab
geometries with both an inner (left) and outer (right) boundary, circular/spherical geometries
(lp = 0) with an outer boundary only and annular/spherical-shell geometries (¢, > 0) with
both an inner and outer boundary.

Consider N, non-interacting particles and let x;(t) denote the position of the jth particle

at time t. Initially, the particles are uniformly distributed across the geometry:

i, if d= 17
x;(0) = ¢ r;[cos(6;),sin(6;)], if d =2, (2.1)

rylcos(6;) sin(6;), sin(6;) sin(6,), cos(6)], it d =3,
where r; = ((d4u; (¢4, —£4))/¢ (m = 1 for homogeneous geometry and m = 2 for heterogeneous
geometry), ¢; = cos (1 — 2v;), 0; ~ U(0,27), u; ~ U(0,1) and v; ~ U(0,1) [18]. Thereafter,

each particle participates in a random walk with constants steps of distance 0 > 0 and duration

7 > 0, where during each time step, each particle undergoes a movement or rest event with
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probabilities depending on the geometry under consideration.

2.2.1 Homogeneous geometry

For a homogeneous geometry, the jth particle moves to a new position

dsign(u; —0.5), ifd=1,
x;(t +7) = x;(t) + { 6[cos(6;),sin(6;)], if d =2, (2.2)
d[cos(6;) sin(¢;), sin(d;) sin(¢;), cos(¢,)], if d = 3,

with probability P, or remains at its current position, implying x;(¢t + 7) = x;(t), with proba-
bility 1 — P. Here, ¢; = cos™ (1 — 2v;), 0; ~ U(0,27), u; ~U(0,1) and v; ~ U(0,1).

2.2.2 Heterogeneous geometry

For a heterogeneous geometry, we follow [57], where the jth particle undergoes a movement
or rest event depending on the possible new movement positions described by Sy(x;(%); ), the
line (d = 1), circle (d = 2) or sphere (d = 3) of radius 0 centred on x,(¢). During each time

step, there are three possibilities.
1. If S4(x;(t);6) does not intersect the interface (r = ¢;) and x;(t) is located in the inner

layer (¢ < r < (1), then the jth particle moves to a new position (2.2) with probability

P, or remains at its current position with probability 1 — P;.

2. If S4(x;(t);9) does not intersect the interface (r = ¢;) and x;(¢) is located in the outer
layer (41 < r < {3) then the jth particle moves to a new position (2.2) with probability P»

or remains at its current position with probability 1 — P;.

3. If Su(x;(t); 9) intersects the interface r = ¢y, then the jth particle moves to a new position
or remains at its current position with probabilities depending on the dimension d. For

d =1, the jth particle moves to a new position

—d, with probability P;/2,

x;(t+7)=x;(t) +
5,  with probability Py/2,

or remains at its current position with probability 1 — P;/2 — Py/2. Here, Py is the
probability associated with the layer in which the position x;(t) +4/2(—1)* is located. For

d = 2, the jth particle moves to a new position

;

dlcos(#y),sin(f1)], with probability P /n,

8lcos(6a), sin(6s)],  with probability Py /n,
x;(t+7) = x,(t) + [cos( 2).Sln< 9)], wi pro.ally 2 /1

d[cos(6,,),sin(h,)], with probability P, /n,

\
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or remains at its current position with probability 1 — >, Py/n. Here, n is a specified
integer (see section 2.5), 6, = 2m(k — 1)/n and Py is the probability associated with the
layer in which the position x;(t) + §/2[cos(6), sin(fy)] is located [57]. For d = 3, the jth

particle moves to a new position

(

d[cos(61) sin(¢y), sin(6y) sin(¢py ), cos(¢1)], with probability Py 1/n,
d[cos(61) sin(¢pe), sin(6y ) sin(¢ps), cos(pa)], with probability Py 2/n,

X;(t +7) = x;(t) + { S[cos(01) sin(¢n, ), sin(6;) sin(dy, ), cos(¢n,)],  with probability P ,,/n,
d[cos(0s) sin(¢y ), sin(fy) sin(¢y ), cos(¢1)], with probability Py /n,

K5[003(0n1) Sin(Pny ), SIN(Or, ) SIN(Pry ), cOS(Pry, )],  With probability P, ., /n,

or remains at its current position with probability 1—> 7", > | Py ., /n, where n = nyns.
Here, n; and ny are specified integers (see section 2.5), 6y = 27 (k —1)/nq, ¢ = cos (1 —
2(m — 1)/ng) and Py, is the probability associated with the layer in which the position
X;(t) 4+ 0/2 [cos(O) sin(pm,), cos(y) sin(pp, ), cos(édm )] is located [57].

2.2.3 Boundary conditions

In our stochastic model, boundaries are designated as absorbing, reflecting or semi-absorbing.

If a particle attempts to pass through an absorbing boundary, it is removed from the system,

whereas, if it attempts to pass through a reflecting boundary, it is returned to its previous

position, implying x;(t+7) = x;(¢). On the other hand, if a particle attempts to pass through a

semi-absorbing inner boundary, it is absorbed with probability P and reflected with probability

1 — P, while if a particle attempts to pass through a semi-absorbing outer boundary, it is
absorbed with probability Po and reflected with probability 1 — Py [18, 61].

2.2.4 Calculation of P(t)

For the stochastic model, P(t) is defined as [17]

where N (t) is the number of particles in the system at time ¢.

2.3 Continuum model

We now describe the continuum approach for calculating P(t) using the continuum analogue

of the stochastic model. For both the homogeneous and heterogeneous geometries, the contin-
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uum model takes the form of an initial-boundary value problem for the dimensionless particle
concentration, ¢(r,t), and is a valid approximation of the stochastic model in the regime of
small § and 7 [3, 4].

2.3.1 Homogeneous geometry

For the homogeneous geometry, c(r,t) satisfies the d-dimensional radially-symmetric diffusion
equation [4, 20, 22, 31, 44, 59],

dc D 0 d_lac
ot rdigr o 2.4
ot~ 1oy (7" 87“)’ b<r<h, >0, (2.4)

subject to the initial and boundary conditions,

c(r,0) =1, Ly <r </, (2.5)
aoc(ﬁg,t) — bo%(ﬁo, t) =0, t>0, (26)
alc(él,t) + bl%(glyt) = O, t> 0, (27)

where D = P§?/(2dr) is the diffusivity. Note that c(r,t) = ¢(r,t)/¢y, where the particle
concentration ¢(r,t) is initially uniform, ¢(r,0) = ¢. Here, ¢(r,t) and ¢, are dimensional
quantities that represent the number of particles and initial number of particles per unit

length/area/volume [18].

2.3.2 Heterogeneous geometry

For the heterogeneous geometry, the dimensionless particle concentration is a piecewise function

Cl(rvt)v EOSTSEIa
C(Tat) =
CZ(Ta t)? gl S r S 627

where ¢1(r,t) and cy(r, t) satisfy the d-dimensional radially-symmetric diffusion equation in the

inner and outer layers respectively [25, 29, 62, 63]

801 D1 0 d—1 861
T (7" 5 ) by<r<ty, t>0, (2.8)
602 D2 (9 d—1 802
= (7" 5 ) UL <r<ty t>0, (2.9)
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subject to the initial, boundary and interface conditions,

01(7",0) = 1, £0 STS»gl, CQ(’I”,O) = ]., 61 STS[Q, (210)
aer (o, t) — bo%(éo,t) =0, t>0, (2.11)
ares(lo,t) + bl%(@, t)=0, t>0, (2.12)

Cl(gl,t) = Cg(gl,t), t >0, (213)
8C1 . 802
Dy (6,t) = Dy 2 (6,), £ 0. (2.14)

Here, D; = P,6%/(2d7) and Dy = P62 /(2d7) are the diffusivities for the inner and outer layers,
respectively. The interface conditions (2.13) and (2.14) specify continuity of concentration and
flux at the interface, which assumes perfect contact between the layers [62, 63]. Note that
ci(r,t) = ¢1(r,t)/co and co(r,t) = ¢a(r,t) /o, where the quantities ¢;(r,t) and ¢y(r, t) represent

the number of particles per unit length/area/volume in the inner and outer layers, respectively.

2.3.3 Boundary conditions

The coefficients in the boundary conditions (2.6)—(2.7) and (2.11)—(2.12) depend on whether

the boundaries are absorbing, reflecting or semi-absorbing:

(
[1,0], if the inner boundary is absorbing,

[ag,bo] = { [0,1], if the inner boundary is reflecting, (2.15)

\ [1, Bo], if the inner boundary is semi-absorbing,

;

[1,0], if the outer boundary is absorbing,
la1,b1] = 1 [0,1], if the outer boundary is reflecting, (2.16)

\ [1, 5], if the outer boundary is semi-absorbing,

with By = 0/P and 8, = 0/ Py [18]. Note that for the case of the circular or spherical geometry

with no inner boundary (¢, = 0), we set [ag, by] = [0, 1] for radial symmetry at the origin.

2.3.4 Calculation of P(t)

For both the homogeneous continuum model (2.4)—(2.7) and the heterogeneous continuum

model (2.8)—(2.14), P(t) is defined as [18, 19]

B Jo, clr:t)dV

Pe(t) = de c(r,0)dV’

where Q) = {x e R|{y <z < {,,} and Qy = {x € R?|ly < ||x||2 < €} for d =2,3 (m =1 for

homogeneous geometry and m = 2 for heterogeneous geometry). Using radial symmetry and
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the constant initial conditions (2.5) and (2.10), P.(t) simplifies to [18, 19]:

12
P.(t) = %/ rte(r,t)dr, (2.17)
él - EO Lo
d fl £2
P.(t) = YT [/ r? ey (r,t) dr +/ ey (r, t) dr] , (2.18)
27 %0 Lo 151

for the homogeneous and heterogeneous geometries, respectively.

Clearly, calculating P.(t) requires solving the homogeneous continuum model (2.4)—(2.7)
and heterogeneous continuum model (2.8)—(2.14). Alternatively, one may think of applying the
averaging operators (2.17) or (2.18) to the homogeneous or heterogeneous continuum model to
derive an initial value problem for P.(t). Unfortunately, this initial value problem involves ¢(r, t)
itself except for the special case of reflecting boundary conditions, where trivially, P.(t) = 1 for

all time as no particles exit the system [18] (see section 3.1.3).

2.4 Surrogate models

2.4.1 Motivation

Exact expressions for P.(t) can be obtained by solving the homogeneous continuum model (2.4)—
(2.7) or heterogeneous continuum model (2.8)—(2.14) using separation of variables [25, 62, 63]
and then averaging the solution by applying (2.17) or (2.18) (see section 3.1.1). For example,
for the case of a homogeneous disc (d = 2) with ¢, = 0, ¢; = L, radial symmetry at the origin

([ag, bo] = [0,1]) and a semi-absorbing boundary ([aq,b1] = [1, 51]), we obtain

00 L
2 Z Lo rJo(nar) dr]Qe_nth

P.(t) = — (2.19)
L? — fOL rJo(n,r)?dr
where 7, for n € NT are the positive roots of the transcendental equation
Ji(n, L 1
JO (nnL) ﬁl

and J,(+) is the Bessel function of the first kind of order v. The problem, however, is that (2.19)
takes the form of an infinite series of exponential terms with complicated coefficients and the
values of 7,, have to be determined numerically since closed-form expressions for the roots of
(2.20) are not able to be determined. Moreover, to achieve sufficient accuracy for small values
of time, a large number of terms need to be taken in the series (2.19) (see section 3.1.2). All
of these issues complicate both fitting experimental release data and interpreting the effect of
known physical parameters, such as L, D and (31, on P.(t) [18, 22|, motivating the need for
surrogate modelling [18, 22].
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2.4.2 Moments

In this work, we develop surrogate models for P(¢) by matching moments with the continuum
model. As we will see later in sections 2.4.3-2.4.5, this process defines surrogate models in
terms of spatially-averaged moments of the continuum model. We now outline how exact
expressions for these spatially-averaged moments can be calculated for both the homogeneous

and heterogeneous continuum models.

Homogeneous geometry

For the homogeneous continuum model (2.4)—(2.7), the kth moment is defined by
Mi(r) :/ the(r,t)dt, k=0,1,2,.... (2.21)
0

Closed-form solutions for M (r) can be obtained, without prior calculation of ¢(r,t), since
My (r) satisfies the differential equation [56, 57]:

D d dM -1, k=0,
d-1 qp (Td_l d k) B (2:22)
r r r —kMy_1(r), k=1,2,...,
subject to the boundary conditions,
dM
CLoMk(€0> — bo d’rk (60) = O, (223)
dM
Clle<£1) -+ b1 drk (61) =0. (224)

Note that this is the same boundary value problem satisfied by the mean particle lifetime for
a particle initially located at a distance r from the origin [20, 57]. Given Mj(r), the spatial

average of the k&th moment is then defined as

4y
(My(r)) = Eilf%/e r My (r) dr. (2.25)

Heterogeneous geometry

For the heterogeneous continuum model (2.8)—(2.14), the kth moment is defined by

Mi(r) = M), b <r<b, (2.26)
M]EF)(T), 51 <7‘<£27

Mé”(?")z/o th ey(r,t) dt, M,§2)(r):/0 t5 ey(r, ) dt. (2.27)
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Closed-form solutions for M,gl)(r) and M,E?) (r) can be obtained without prior calculation of
c1(r,t) and co(r, t), since M,gl)(r) and M,Ez) (r) satisfy the differential equations [56, 57]:

1
pa () [ k= 22
rd—1 Jr dr —/{:M,E,l_)l(r), k=1,2,...,
A a p _ ) . ’ (2.29)
d dr —/{;M,E_)l(r), k=12,...,

subject to the boundary and interface conditions

dM
ap MV (L) — by (4o) =0, (2.30)
dM(2)
CLlM]gQ) <£2) + bl (62) 0 (231)
M () = Mk, (), (2.32)
dM(l) dM(Q)
D —% () = Dy—2—(1). (2.33)

dr

Given M, U (r) and M )(r), the spatial average of the kth moment is then defined as

(Mi(r)) = ﬁ U; =100 )dr+/;2 P () dr] (2.34)

2.4.3 Surrogate model 1: One-term exponential model

We now consider a surrogate model for P,.(t) consisting of a single exponential term [18],
Si(t) =e ™™, (2.35)

where A\ > 0 is a constant which depends on the dimension, diffusivity, geometry and boundary
conditions. Note that (2.35) is a sensible candidate model since it agrees with P.(t) at initial
time (¢ = 0) and has the correct limiting behaviour at large times (t — 00) (see, e.g., P.(t) in
equation (2.19)). To determine A, we follow [18] and match the zeroth moments of S} () (2.35)

and P.(t) (2.17),
/OO Si(t)dt = /OO P.(t) dt. (2.36)

Substituting Sy (t) (2.35) and P.(t) ((2.17) or (2.18)) into equation (2.36), integrating exactly
on the left hand side, reversing the order of integration on the right hand side and rearranging

yields

(2.37)
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Case Geometry Inner Boundary  Outer Boundary a9 by a1 b

A homogeneous - absorbing 0 1 1 0

B homogeneous — semi-absorbing 0O 1 1 p/

C  homogeneous reflecting absorbing 0o 1 1 0

D  homogeneous reflecting semi-absorbing 0o 1 1 p

E  homogeneous absorbing absorbing 1 0 1 0

F  heterogeneous - absorbing 0 1 1 0

G heterogeneous — semi-absorbing 0O 1 1 p/
Table 2.1: Geometry and boundary parameters for Cases A-G. Note that for Cases A, B, F
and G there is no inner boundary (¢y = 0), so we set [ag, by] = [0, 1] for radial symmetry at the

origin.

where (My(r)) is defined in section 2.4.2.

We now present several one-term exponential models for P(¢). The models are developed
for the seven distinct cases outlined in Table 2.1 involving both homogeneous (Cases A-E)
and heterogeneous (Cases F-G) geometries and various combinations of boundary conditions.
Each model is presented by providing a closed-form expression for A appearing in the one-
term exponential model (2.35). For the homogeneous geometries, A is calculated by solving the
boundary value problem (2.22)—(2.24) for My(r), calculating (My(r)) (2.25) and then computing
A (2.37). For the heterogeneous geometries, A is calculated by solving the boundary value
problem (2.28)—(2.33) for Mél)(r) and MéQ) (r), calculating (My(r)) (2.34) and then computing
A (2.37) (see section 3.2.1). For Cases C-E, we note that A is expressed generally for any
dimension d using the definite integral f;;l r1=4dr, which is equal to £, —£o, In(¢1 /4o), 1 /4o —1/t;
for d = 1,2, 3, respectively.

Case A: homogeneous slab, circular or spherical geometry (¢p = 0 and ¢; = L) with radial

symmetry at the origin ([ag, bo] = [0, 1]) and an absorbing outer boundary ([a,b] = [1,0])

d(d+2)D

A= I

(2.38)

Case B: homogeneous slab, circular or spherical geometry (¢y = 0 and ¢; = L) with radial

symmetry at the origin ([ao, by] = [0, 1]) and a semi-absorbing outer boundary ([ai, b;] = [1, 1))

~d(d+2)D
L2+ BiL(d+2)

A (2.39)

Case C: homogeneous slab, annular or spherical shell geometry (¢, > 0) with a reflecting inner
boundary ([ag, by] = [0,1]) and an absorbing outer boundary ([a;, b1] = [1,0])

_ d(d +2)(¢1 — t)D
G2+ (@A 2@ [, r=tdr = (3 - B)] - 65

(2.40)

Case D: homogeneous slab, annular or spherical shell geometry (¢, > 0) with a reflecting inner

18



boundary ([ag, by] = [0,1]) and a semi-absorbing outer boundary ([ai, b;] = [1, 1))

\ d(d + 2)(¢4 — ¢)D
6 4 (d+ 2B fi7 1 =tdr — (6 — 6) + Bl (0 — ) - 5

(2.41)

Case E: homogeneous slab, annular or spherical shell geometry with absorbing inner ([ag, by] =
[1,0]) and outer ([a,b;] = [1,0]) boundaries
4d(d + 2)(¢4 — ¢4 D

A= . . (2.42)
A= — %) — @+ (@G - P = e

Case F': heterogeneous slab, circular or spherical geometry (¢p = 0, ¢, = L) with radial

symmetry at the origin ([ag, bo] = [0, 1]) and an absorbing boundary ([ai, b;] = [1,0])

d(d+2)DyD
. @+29)D:Dz (2.43)
L2Dy + ({*(Dy — Dy)/ L4
Case G: heterogeneous slab, circular or spherical geometry (¢p = 0, ¢ = L) with radial

symmetry at the origin ([ag, bo] = [0, 1]) and a semi-absorbing boundary ([a, b;] = [1, £1])

B d(d+ 2)D; D,
A= (L% + BLL(d +2)) Dy + (473(Dy — Dy) /L4 (244)

The above results yield easy-to-evaluate surrogate models that provide analytical insight into
the role of dimension, diffusivity, geometry and boundary conditions on the proportion of
particles remaining over time, P(t). For Case A (2.38), we observe that increasing the dimension
d, increasing the diffusivity D or decreasing the radius L increases the decay rate \. For
Case B (2.39), decreasing (3, (i.e. increasing the absorption probability Pp) also increases the
decay rate A. All these observations make physical sense when considering the homogeneous
stochastic model (section 2.2) as particles are more likely to move outward than inward when
the number of dimensions d is increased, particles jump more frequently or jump further when
D is increased, particles have have less distance to reach the absorbing boundary when L is
decreased and particles are more likely to be absorbed when reaching the outer boundary when
py is decreased. For Case F (2.43) and Case G (2.44), moving the interface (r = ¢;) closer
to the outer boundary (r = L) increases A if Dy < D; while moving the interface (r = ¢)
closer to the origin (r = 0) increases A if Dy > D;. Both observations are consistent with the

heterogeneous stochastic model (section 2.2).

2.4.4 Surrogate model 2: Two-term exponential model

The one-term exponential model (2.35) fails to accurately capture the fast early decay and slow

late decay of P(t) [18]. To address this, we explore a surrogate model for P.(t) consisting of
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two exponential terms,
]' -\t — Aot
So(t) = i[e +e ], (2.45)

where A1 > 0 and Ay > 0 are constants that depend on the dimension, diffusivity, geometry and
boundary conditions. The two-term exponential model (2.45) represents the simplest possible
extension to two exponential terms with the factor of 1/2 ensuring that S»(0) = 1. The inclusion
of a second exponential term in (2.45) yields a time-dependent decay rate Xg(t) = —S5(t)/5(t),
which decreases monotonically from (A; + A2)/2 at t = 0 to min(Ay, \2) as ¢ — oo. The two-
term exponential model therefore accommodates faster early decay and slower late decay that
cannot be captured by the constant decay rate of the one-term exponential model (2.35).
To obtain A; and Ay, we match the zeroth and first moments of Sy(¢) and P.(t),

/w&@m#:/mn@mu (2.46)
/mt&@ﬁhz/mtﬂﬁmt (2.47)

Substituting Sa(t) (2.45) and P.(t) ((2.17) or (2.18)) into equations (2.46) and (2.47), integrat-
ing exactly on the left hand side and reversing the order of integration on the right hand side

yields

H%+%}4%m% (2.48)
H%+%}4Mm% (2.49)

where (My(r)) and (M;(r)) are defined in section 2.4.2. The exact solution of equations (2.48)
and (2.49) is given by

(2.50)

which is easily verified by substitution.

We now present several two-term exponential models for P(t). The models are again de-
veloped for the seven cases outlined in Table 2.1, with each model presented by providing
closed-form expressions for A\; and Ay appearing in the two-term exponential model (2.45). For
the homogeneous geometries (Cases A-E), A\; and Ay are calculated by solving the boundary
value problem (2.22)—(2.24) for k = 0,1, calculating (My(r)) (2.25) for k& = 0,1 and then
computing \; and Ay (2.50). For the heterogeneous geometries (Cases F-G), A; and A are cal-
culated by solving the boundary value problem (2.28)—(2.33) for k = 0, 1, calculating (M;(r))
(2.34) for k = 0,1 and then computing \; and A2 (2.50) (see section 3.2.2). Results for Cases
C/D and Cases F/G are combined for succinctness. In these cases, the formulas are given for
Case D and G only, with the formulas for Case C and F obtained by setting 5, = 0.
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Case A: homogeneous slab, circular or spherical geometry (¢, = 0, ¢; = L) with radial
symmetry at the origin ([ag, bo] = [0, 1]) and an absorbing boundary ([a, b;] = [1,0])
d(d+2)D

Al = : (2.51)
L2(1+\/d/(d+4))

Case B: homogeneous slab, circular or spherical geometry (¢, = 0, ¢; = L) with radial sym-
metry at the origin ([ao, by] = [0, 1]) and a semi-absorbing boundary ([ai,b1] = [1, 51])
d(d+2)D

Al = : (2.52)
L2(1+£4/d/(d+4)) + f1L(d+2)

Case C/D: homogeneous slab, annular or spherical shell geometry (¢, > 0) with a reflecting

inner boundary ([ag, bo] = [0, 1]) and a semi-absorbing outer boundary ([ay, b;] = [1, 1))
Slab (d = 1)

3D

M2 = (= €o)2(1 £ 1/V5) +3B1(01 — o)

Annular (d = 2)

8D(5 — £5)
(02— 02)(02 — 303) + 4L log (01 /lo) + AB1 (03 — £3)2 )4y & \/Ka/3
Ko = (03 — 02)2 (03 — TLE) — 240403 log (€1 /€o) (202 log (41 /4y) + (2 — (7).

>\1,2 = 9

Spherical shell (d = 3)

15D (€3 — ¢3)
(01 — Lo)3(2 + 30oly + 602 + 563 /0y + \/3ks/T) + 561(63 — 63)2 /0%
kg = 01 + 6003 + 210202 + 41030, + 3603,

Ao =

Case E: homogeneous slab, annular or spherical shell geometry (¢, > 0) with absorbing inner
([ao, bo] = [1,0]) and outer ([a1, b;] = [1,0]) boundaries

Slab (d = 1)
12D
A = PETRTERTNE (2.53)
Annular (d = 2)
8D 10g<£1/€0)

Ao = , 2.54
2 @ B loa(laflo) — (6 — ) % G T3 220
€1 = 3(02 — £2)* — 3(¢7 — £5) log (41 /Ly) + (63 — £2)* log?(£1/Lo). (2.55)
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Spherical shell (d = 3)

60D (63 — £3)
(01— Co)3 (402 + Tloly + 463 £ /33,1 /7)
€31 = 160} + 260003 + 210202 + 26030, + 160, (2.57)

AL = (2.56)

Case F/G: heterogeneous slab, circular or spherical geometry (o = 0, ¢, = L), radial symme-

try at the origin ([ao, bp] = [0, 1]) and a semi-absorbing boundary ([a1,b1] = [1, £1])

d(d+2)D1 D,
Ao = — , (2.58)
[L2 —|— BIL(d —|— 2)]D1 —|— [£1+ (DQ — Dl) :|: O'd/(d + 4)]/Ld
oq=d(d+4)(Dy — D)D; L2032 — (d + 4)(Dy — Dy)? 034+ 4 (2.50)

(d+2)((d+2)D} — (d+4) DDy + 2D3) LT + dDFL* .

The above results yield easy-to-evaluate surrogate models that provide analytical insight into
the role of dimension, diffusivity, geometry and boundary conditions on the proportion of
particles remaining over time, P(¢). As mentioned earlier, the two-term exponential model
(2.45) accommodates faster early decay and slower late decay that cannot be captured by the
constant decay rate of the one-term exponential model (2.35). This behaviour is clearly evident
for Case A, where the expressions for A\; and Ay in the two-term exponential model (2.51)
take a similar form to the expression for A in the one-term exponential model (2.38), with
the exception of correction terms in the denominator depending on the dimension d. Using
these expressions for A\; and Ay, we see that the two-term exponential model exhibits an initial
decay rate of (A\; + \2)/2 = d(d + 2)(d + 4)D/(4L?), which exceeds its late decay rate of
A\ = d(d+ 2)D/[L*(1 + +/d/(d + 4))] for all d = 1,2,3. Comparing these decay rates to the
constant decay rate of A = d(d + 2)D/L? for the one-term exponential model (2.38), it is clear
that the two-term exponential model exhibits a larger initial decay rate and a smaller late decay
rate. For Case A, we also observe that the early decay rate for the two-term exponential model
is fastest for d = 3 and slowest for d = 1, and the later decay rate is slowest for d = 3 and
fastest for d = 1, both of which are consistent with the behaviour of P(¢) [18].

2.4.5 Surrogate model 3: Weighted two-term exponential model

Finally, we consider a surrogate model for P(t) which generalizes the two-term model (2.45) to

an arbitrary weighting of the two exponential terms:
S3(t) = e 4 (1 — 0)e ", (2.60)

where Ay > 0, Ay > 0 and 6 € (0,1) are constants that depend on the dimension, diffusivity,
geometry and boundary conditions. In a similar manner to the two-term exponential model

(2.45), the weighted two-term exponential model (2.60) exhibits a time-dependent decay rate
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Xs(t) = —S54(t)/S5(t), however, the decay rate now decreases monotonically from 6, +(1—6) s
at t = 0 to min(Ay, \y) as t — oo.
To obtain Aj, Ay and 0, we match the zeroth, first and second moments of S3(¢) and P.(t),

/ OOSg(t)dt: / OOPC(t)dt, (2.61)
/Ootsg(t)dt:/ootpc(t)dt, (2.62)
/Oo t* S3(t) dt = /Oo 2 P.(t) dt. (2.63)

Substituting S3(t) (2.60) and P.(¢) ((2.17) or (2.18)) into equations (2.61)—(2.63), integrating
exactly on the left hand side and reversing the order of integration on the right hand side yields

0 1-0

N + . = (My(r)), (2.64)
% " 1A—_%9 — (M), (2.65)
2 {% + %] = (Ms(r)), (2.66)

where (Mo (7)), (M;(r)) and (Ms(r)) are defined in section 2.4.2. The appropriate exact solution
of equations (2.64)—(2.66) is given by

1
A = , .
() + VI DAL = Go(r))/0 (267)
1
)\2 - 5 2.68
Oho(r) = VIL ) = Mo/ = 6) (268)
1 1 w
0 = 5 + 5 w—_'_4, (269)
6(Mo(r)) (M (1)) — (Mo(r))2) + 20Mo(r))? — (Ma(r)?

w= . (2.70)

Note that the expressions for A; and Ay here are different from those given for the two-term
exponential model (2.50) expect for the special case when 6 =1/2 (w = 0).

We now present weighted two-term exponential models of P(t) for Cases A-E outlined in
Table 2.1. Each model is presented by providing closed-form expressions for A\;, Ay and w, which
when combined with the expression for 6 (2.69) fully defines the weighted two-term exponential
model (2.60). In each case, \;, Ay and w are calculated by solving the boundary value problem
(2.22)-(2.24) for k = 0,1,2, calculating (M(r)) (2.25) for k = 0,1,2 and then processing
(2.67)—(2.70) (see section 3.2.3). Results for Cases C/D are again combined for succinctness
with the formulas given for Case D only and the formulas for Case C obtained by setting 8; = 0.

Case A: homogeneous slab, circular or spherical geometry (¢y = 0, ¢; = L) with radial
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symmetry at the origin ([ag, by] = [0,1]) and an absorbing boundary ([a1,b,] = [1,0])

d(d +2)D

A= L2(1+ \/d(1 - 0)/(0(d + 4))) (271)
B d(d +2)D
S 0 a0 ) 272
d+41[6—d]?

Case B: homogeneous slab, circular or spherical geometry (o = 0, ¢; = L) with radial sym-

metry at the origin ([ag, bo] = [0, 1]) and a semi-absorbing boundary ([ai,b;] = [1, 1))

- d(d+2)D 7 (2.74)
L2(1+ /d(1 = 0)/(0(d + 4))) + BiL(d + 2)

N — d(d +2)D 7 (2.75)
L2(1— \/do/(1 = 0)(d +4))) + A1 L(d + 2)

_d+4 (6 AL+ (d+2)(d+6)A L] (2.76)

dL* d+6
Case C/D: homogeneous slab, annular or spherical shell geometry (¢, > 0) with a reflecting
inner boundary ([ag, bo] = [0, 1]) and a semi-absorbing outer boundary ([ai, b;] = [1, 1))
Slab (d = 1)
3D

(6 — o)? 1+\/1— 7(50)) + 3B:(¢1 — Lo)’

(6 — o) (1 = /0/(5 (1 —0))) +3B1(61 — Lo)’
5(5(61 — bo) + 213;)?
190, — 0)?

AL =

Ay =

w =

Annular (d = 2)

8D(4 — &)

A pu—
L2 = ) (2 = 32) + 408 log(€y/le) + ABy (2 — 2)2 /0y + /(1 — O)rn1/(30)
N — 8D((2 — (2)
o (63 — 63)(63 — 363) + 4€§ log (41 /o) + 4P (63 — £3)2 /1 — \/Ora1 [(3(1 = 0))
w— (288/432 2 10g (61/60) — 11525863(62 + 62) log (61/60) + 24/4,2 3 log(ﬁl/fo) + Ko 4)
12033

ha1 = (6 — B (G — TE3) — 246363 log(61 /) (263 og (01 /00) + & — £3),
Ko = GGH(0] — 3)[0 (565 + 6) — 4By (€] — o)),
Ko = (A0 (03 — 2)2[704 — 120203 + 245,06, (62 — (2)],
Koy = (02 — (2)%[0,(305 — 25020% + 830402 — 14508) — 245, (702 — 13)(02 — 12)2].
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Spherical shell (d = 3)

15D(63 — £3)
(61— €0)3(63 + 3loly + 663 + 563 /01 + \/3rz1 (1 — 0)/(70)) + 5563 — €3)2/03
15D(63 — £3)
(61— €0)3(63 + 3Loly + 602 + 563 /01 — \/3k3.0/(T(1 — 0))) + 58 (63 — €63)2/ 62’
7(61/‘%372(61 — 60)3(6% + 4€0€1 + 1063) + 15/‘%37161 (f? — 68)2)2
27/{3’1%%61 - 40)6 ’
kg1 = U1 + 6003 + 210203 + 41030, + 3603,
Ko = 05 + 5lol] + 150503 + 5003035 + 100£5¢; + 544,

A =

Ay =

Case E: homogeneous slab, annular or spherical shell geometry (¢, > 0) with absorbing inner
([ao, bo] = [1,0]) and outer ([ai, b1] = [1,0]) boundaries

Slab (d=1)
A= 12D ) (2.77)
(6 = o) + /(1= 6)/(50))
Do = 12D | (2.78)
(br = €0)*> = /0/(5(1 = 0)))
0= % + % 125/321. (2.79)
Annular (d = 2)
A\ = 8D log(41/4y) (2.50)
(€5 + £2) log(€1/Lo) — (6 — £3) + /&2 (1 = 0)/(30)°

(63 + £3)log (01 /L) — (13 — BB) — \/£210/(3(1 = 0))
Y log?(01/0o) (18(03 + £3) (€3 — £3)* + 6(£3 + £3)(£5 + ) log® (£1/4o) — &ap1og(l1/Ly))?

183, ’
(2.82)
€1 = 3(02 — (32 = 3(L7 — £3) log(£1/Ly) + (62 — £2)2 log?(£1/Ly), (2.83)
€ = (02 — (2) (1965 + 460203 4+ 19¢44). (2.84)

25



Spherical shell (d = 3)

60D (63 — 13)

A= (0y — Lo)3 (402 + Tloly + A0 + \/3E5,(1 — 0)/(70))’ (2.85)
e o8 : (2.86)
(6 — )3 (402 + Tloly + 462 — \/3E3,0/(T(1 — A)))
(6405 -+ ATLO30, + T8OLAL2 + TASL303 + TOL3LT + AT1L005 + 6445)>
o 2763 | : (2.87)
E31 = 1607 + 264003 + 210507 + 26050, + 160;. (2.88)

The above results yield easy-to-evaluate surrogate models that provide analytical insight into
the role of dimension, diffusivity, geometry and boundary conditions on the proportion of
particles remaining over time, P(t). For Case A, the expressions for A\; (2.71) and A, (2.72)
in the weighted two-term exponential model take a similar form to the expression for A; and
Ao in the two-term exponential model (2.51), with the exception of correction terms in the
denominator depending on the weighting #. Using these expressions for A\; and Ay, we see
that the weighted two-term exponential model exhibits initial decay rates of OA\; + (1 — 0) Ay =
10D/L? 24D/ L* 42D /L? for d = 1,2,3, each of which exceed the initial decay rate of the

two-term exponential model.

2.5 Results

We now investigate the accuracy of the three surrogate models (2.35), (2.45) and (2.60). Here,
we consider the seven test cases outlined previously in Table 2.1 but with specific choices for
the parameters as detailed in Table 2.2. For the homogeneous geometries (Cases A-E), we
choose P =§ =7 =1 giving D = P§?/(2dr) = 1/(2d) while for the heterogeneous geometries
(Cases F-G) we choose Py = 0.3 and P, =0 = 7 = 1 giving D; = P;6*/(2dr) = 0.3/(2d) and
Dy = P»6?/(2d7) = 1/(2d). The surrogate models for Cases A-E are given in sections 2.4.3—
2.4.5 while the surrogate models for Cases F—-G are given in sections 2.4.3-2.4.4. Surrogate
model parameter values for Cases A-G in either one (d = 1), two (d = 2) or three (d = 3)
dimensions can be found in Appendix A. All simulations are performed over a specified time
interval 0 < ¢t < T = 2log(10)/A, where A is the decay rate in the one-term exponential model
(section 2.4.3). This choice of T' corresponds to the value of time satisfying S;(¢) = 1072 and
captures the main region of decay of P(t) to easily detect differences between the surrogate

models.
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Case Geometry ly 01 ¥ Inner Boundary Outer Boundary aop by a; by

A homogeneous 0 100 - - absorbing 0110
B homogeneous 0 100 - - semi-absorbing (P =0.5) 0 1 1 2
C homogeneous 50 100 — reflecting absorbing 0110
D homogeneous 50 100 — reflecting semi-absorbing (P =0.5) 0 1 1 2
E  homogeneous 50 100 — absorbing absorbing 1010
F  heterogeneous 0 50 100 — absorbing 0110
G heterogeneous 0 50 100 — semi-absorbing (Pob =0.5) 0 1 1 2

Table 2.2: Geometry and boundary parameters for Cases A-G.

Each surrogate model is benchmarked against the stochastic and continuum model. To
account for the variability of Pg(t) (2.3) from the stochastic model, we perform N, = 100 sim-
ulations using N, = 50 and N, = 500 particles. For each value of N,, we store the minimum
and maximum values of Py(t) at each time step across all Ny = 100 simulations with the re-
sulting area enclosed encompassing all realizations of P,(t). For the heterogeneous geometries
(Cases F-G), we choose n = 36 and n; = ny = 12 [57] when processing the movement proba-
bilities at the interface (see section 2.2.2). To calculate P.(t) from the continuum model, we
first compute a numerical solution to the homogeneous continuum model (2.4)—(2.7) (Cases
A-E) or the heterogeneous continuum model (2.8)—(2.14) (Cases F-G) by discretising in space
using a finite volume method and discretising in time using the Crank-Nicolson method (see
section 3.3). We use N; = 10° fixed time steps and N, = 501 (Cases A-E) or N, = 1001
(Cases F-G) uniformly-spaced nodes. For both the homogeneous continuum model (2.4)—(2.7)
and the heterogeneous continuum model (2.8)—(2.14), this yields approximations ¢(r;, t;) where
ri = Lo+ (i — 1)(lm — Lo)/(N, — 1) (m = 1 for Cases A-E and m = 2 for Cases F-G) and
tj=jT/Ny fori=1,...,N, and j = 1,..., N;. Using these discrete approximations, c(r;,1;),
and a trapezoidal rule approximation to the integrals (2.17) or (2.18) then allows F.(;) to be
computed for j = 1,..., N;. In addition to visual comparisons, to quantify the accuracy of the

surrogate models, we also use the mean absolute error between each surrogate model and P.(t),

er == > |Cklt;) = Pelt)], (2.89)

where £k = 1,...,3. Full details of the above implementations are available in our MATLAB
code which can be accessed on GitHub: https://github.com /lukefilippini/Filippini_ 2023.
Figure 2.2 and Figure 2.3 compare the surrogate models to the benchmark values of P(t)
and P.(t) obtained from the stochastic and continuum models. Figure 2.2 assesses the per-
formance of the one-term (2.35), two-term (2.45) and weighted two-term exponential models
(2.60) for the homogeneous test cases (Cases A-E) while Figure 2.3 assesses the performance
of the one-term (2.35) and two-term (2.45) exponential models for the heterogeneous test cases
(Cases F-G). All subfigures feature the final time 7" and the corresponding mean absolute errors

(2.89) for each surrogate model. Results are shown for d = 2 only with similar results observed
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= (One-term — = Two-term Weighted two-term
Stochastic [N, = 50] [ Stochastic [N, = 500] Continuum
1, ‘ 1, ‘
Case A Case B
€1 = 3.88 x 1072 €1 =3.42 x 1072
g9 = 1.69 x 1072 g9 = 1.56 x 1072
= €3 =2.72x 1073 = 3 =2.09 x 107
& T = 2.30 x 10* & T = 2.49 x 10*
0 0 :
0 t T 0 t T
1, : 1, :
Case C Case D
€1 =3.27 x 1072 g1 = 2.67 x 1072
£y =1.73 x 102 £y = 1.48 x 102
= e3 =1.59 x 107? = e3 =1.03x107?
& T =1.11 x 10* Q T =1.25 x 10*
(c)
0 0 :
0 t T 0 t T
1, ‘
Case E
g1 = 2.64 x 102
g9 = 1.57 x 1072
= g3 = 1.04 x 1073
& T = 3.87 x 10
(e)
0 .
0 t T

Figure 2.2: One-term, two term, and weighted two-term exponential models for P(¢) compared
with stochastic and continuum models for the homogeneous test cases (Cases A-E) with d = 2.
For the stochastic model, the bounds of the shaded regions represent the maximum and mini-
mum proportion of particles remaining at each point in time across the Ny = 100 simulations.
The mean absolute errors €1, €5 and €3 and final time 7" are rounded to three significant digits.
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— (ne-term Two-term

Stochastic [V, = 50] Stochastic [N, = 500] Continuum
1, : 1 :
Case F Case G
g1 =4.88 x 1072 g1 =4.41 x 1072
€9 =8.98 x 1073 g9 =9.21 x 1073
= T =2.64 x 10 = T =2.82x 10
a
0 ‘ e
0 t T

Figure 2.3: One-term and two-term exponential models for P(t) compared with stochastic and
continuum models for the heterogeneous test cases (Cases F-G) with d = 2. For the stochastic
model, the bounds of the shaded regions represent the maximum and minimum proportion of
particles remaining at each point in time across the Ny = 100 simulations. The mean absolute
errors €1 and €9 and final time 7" are rounded to three significant digits.

for d = 1,3 (see section 3.4). From the results in Figure 2.2 and Figure 2.3, we can conclude
that:

o All surrogate models reliably capture the release profile over the seven test cases but with

varying levels of accuracy.

» The one-term exponential model (2.35) has the lowest accuracy of the three models across
all seven test cases, however, it is the most simplistic and may potentially be sufficient in

some cases.

o The weighted two-term exponential model (2.60) provides the highest accuracy, capturing
the early and late decay of P(t) more accurately than the one-term (2.35) and two-term

(2.45) models, however, this comes with the trade-off of increased model complexity.

o All three surrogate models yield higher accuracy for test cases with semi-absorbing bound-
ary conditions (Cases B, D and G) when compared to test cases with purely absorbing
boundary conditions (Cases A, C, E and F).

Finally, we compare the surrogate models developed in this paper to the Weibull model of Carr
[18], which was developed for homogeneous geometries only (i.e. Cases A-E). Table 3 displays
the mean absolute errors for the Weibull model, denoted as ¢,,, for Cases A-E. In comparison
to the mean absolute errors presented in Figure 2.2, we find that the Weibull model is more
accurate than the one-term (2.35) and two-term (2.45) exponential models but less accurate

than the weighted two-term exponential model (2.60).
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Case A B C D E
w 1.05x1072 921 x107% 1.03x 1072 842x 1073 9.22x 1073

Table 2.3: Mean absolute errors for the Weibull model of Carr [18] (Cases A-E).

2.6 Conclusion

We have considered the problem of particle diffusion in d-dimensional radially-symmetric ge-
ometries with reflecting, absorbing and/or semi-absorbing boundaries. By matching moments
with the continuum analogue of the stochastic diffusion model, we have presented several new
one-term and two-term exponential models for P(t), the proportion of particles remaining
within the geometry over time. New surrogate models have been developed for three main
problems: (i) homogeneous slab, circular and spherical geometries with an absorbing or semi-
absorbing outer boundary (ii) homogeneous slab, annular and spherical shell geometries with
absorbing, reflecting and/or semi-absorbing boundaries and (ii) heterogeneous slab, circular
and spherical geometries with an absorbing or semi-absorbing outer boundary. Each surrogate
model provides a simple approximation of P(t) that is easy to evaluate, avoids the limitations
and complexity of exact expressions obtained from the continuum model, reliably captures
the particle release profile over time and explicitly depends on the physical parameters of the
diffusive transport system: dimension, diffusivity, geometry and boundary conditions. Of the
three surrogate models developed, our findings demonstrated that the weighted two-term ex-
ponential model (2.60) captures both stochastic and continuum calculations of P(¢) with the
highest degree of accuracy. It also offers improved simplicity and accuracy when compared to
the Weibull model previously presented by Carr [18].

The results reported in this paper indicate, as may have been expected, that the most
accurate surrogate model is the one with the greatest number of parameters (weighted two-term
exponential model) and the least accurate surrogate model is the one with the fewest number of
parameters (one-term exponential model). To account for this trade-off between model accuracy
and model complexity, a standard model selection criterion that rewards accuracy but penalises
the number of parameters [64] could be used to select a single preferred surrogate model. Other
avenues for future research (see section 3.5) could include accounting for a non-uniform initial
distribution of particles or drift and/or decay in the diffusive transport process. Additionally,
surrogate models using different functional forms could also be explored. Surrogate models
using different functional forms, such as a weighted two-term Weibull model, could also be

explored and may further improve accuracy but at the cost of increased model complexity.
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Chapter 3

Supporting information for surrogate

model development

3.1 Analysis of analytical solutions for P.(t)

In section 2.4.1, we presented an exact expression for P.(t) for a homogeneous disc (d = 2)
with ¢y = 0, ¢, = L, radial symmetry at the origin ([ag,by] = [0,1]) and a semi-absorbing
boundary ([ay, b1],[1, 51]). The limitations of this model for P(t) were identified and used as
a motivation for the development of the one-term, two-term and weighted two-term surrogate
models in sections 2.4.3-2.4.5, respectively. In this section, we derive the analytical solution
for P.(t) presented in section 2.4.1 and those for a homogeneous slab and sphere with the same
parameter configurations (Case B of Table 2.1). These exact solutions are then truncated and
compared against analogous numerical results for P.(t) (see section 3.3). The drawbacks of
the exact solutions are then discussed in further detail. Finally, we show that an initial-value
problem can be derived for P.(t), although dependence on ¢(r,t) can only be eliminated for a

trivial choice of boundary conditions.

3.1.1 Separation of variables and eigenfunction expansion

In this section, we present exact solutions for the continuum analogue (2.17) of P(t),

d [0
P.(t) = m/ r?=te(r,t) dt.
1~ %0 Jeo
To illustrate the limitations associated with analytical solutions for P.(t), we consider Case B
of Table 2.1: a homogeneous slab, circular or spherical geometry (¢, = 0, ¢; = L) with radial
symmetry at the origin ([ag, by] = [0, 1]) and a semi-absorbing boundary ([a, b;] = [1, £1]). We
use separation of variables and eigenfunction expansion to obtain expressions for ¢(r,t), and
then apply (2.17) to give exact solutions for P.(t). Firstly, we consider the continuum model
(2.4)—(2.7) and assume that ¢(r,t) can be expressed as the product ¢(r,t) = R(r)T'(t), which
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can be substituted into the model (2.4) to give

T’ 1 d

— d—1 _ 2
DT~ iga T 3

where > 0 is an arbitrary constant. Considering R(r), we rearrange (3.1) to obtain the

ordinary differential equations

R"+n*R =0, for d =1,
r?R'+rR + (nr)?R =0, ford=2,
R’ +2rR + (nr)?R =0, for d =3,

subject to the boundary conditions R'(0) = 0 and R(L) 4+ 1 R'(L) = 0. Thus, we obtain, for

n=1,2,..., the unique solutions

cos(n,r), for d =1,
Ru(r) = S Jo(nar), for d = 2,
sin(n,r)/(n,r), for d =3,

where J,(+) is the Bessel function of the first kind of order v and 7, are the positive roots of

the transcendental equations

tan(n,L) = 1/(B1mn), for d =1,
Ji(mn L)/ Jo(mL) = 1/(Bim),  for d =2, (3.2)
tan(n,L) = pin.L/(B1 — L), for d = 3.

Now, we consider T'(t) by first rearranging (3.1). We obtain the ordinary differential equation
T! +n2DT, = 0, which has the general solution

T,(t) = Ane Pt
Thus, we obtain the following general solutions for ¢(r,t),

2ot An COS(nn?")e‘"th, for d =1,
c(r,t) = ¢ S22 Ay Jo(nar)e Pt for d = 2, (3.3)
220:1 A, Sin(nnr)/(nnr)e*”f%m, for d = 3.

Substituting (3.3) into the initial condition (2.5) and using orthogonality of eigenfunctions, we

can express the coefficients A,, as
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4sin(n,L)/(2n,L + sin(2n, L)), for d =1,
An = fOL rJo(n,r) dr/ fOL rJo(nar)? dr, for d = 2,
A(sin(n, L) — nn L cos(n,L))/(2n, L — sin(2n,L)), for d = 3.

Finally, by calculating the average using (2.17), we obtain exact solutions for the continuum

analogue of P(t),
Slab (d =1):

4 & sin?(2n,,L) 2Dt
P.(t) = _E { n Dt 3.4
L 202 + n, sin(2n, L) ¢ (3.4)

n=1

Circular (d = 2):

9 OO[ rJo(Mn )dr2

c _ e_m%Dt7 35
s — fOL rJo(n,r)?dr (3:5)
Spherical (d = 3):
12 & [Sin(nnL) — nnLCOS(nnL)]2 —n2 Dt
. t) = = n . .
Pl = 3 2 L=, (36)

3.1.2 Limitations of continuum models

Here, we discuss the limitations associated with the continuum analogues (3.4)—(3.6) of P(t).
These limitations arise from the complexity of the expressions, methods for determining roots
of the transcendental equations (3.2) and truncation requirements. Firstly, the roots of the
transcendental equations (3.2) do not have exact solutions and must be approximated using
numerical methods. We use MATLAB’s fzero [65] function to determine the roots of each
equation in (3.2), subject to appropriate initial guesses for each root. Example values are
presented in Table 3.1 for Case B of Table 2.2. The primary issue with these roots is that they
lack analytical insight. To elaborate, the numerical techniques used to approximate the roots
limit meaningful interpretation of the precise influence of the radius and boundary conditions
on the values of 7,. Furthermore, the initial guesses required must be very precise to avoid
incorrect approximation of the roots, particularly as the frequency of the functions on the left
hand side of (3.2) increases. This requires visual inspection or an approximation which must
be redefined for each new set of parameters. The roots must then be used within each term of
the infinite series solutions (3.4)—(3.6), which are complicated terms that, for a disc (d = 2),
require numerical integration. Additionally, given that the continuum analogues (3.4)—(3.6) are
not closed-form, truncation is required to give a suitable number of terms which sufficiently

approximate the true solution for P.(t). Figure 3.1 displays a comparison between the series
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Root [ 2 3 N4 M5
Slab (d =1) 0.0154 0.0462 0.0770 0.1078 0.1387
Disc (d = 2) 0.0236 0.0541 0.0848 0.1156 0.1464

Sphere (d =3) 0.0308 0.0616 0.0924 0.1232 0.1540

Table 3.1: Numerical roots of the transcendental equations (3.2) determined using MATLAB’s
fzero [65] function for Case B of Table 2.2.

solutions, truncated at one and two terms, and numerical calculations (see sections 2.5 and 3.3)
for slab, circular and spherical geometries. These comparisons demonstrate that more than
two terms are required to accurately capture the early decay of P(t) for high probabilities of
particle absorption at the outer boundary, or small values of #;. On the other hand, the two-
term (2.45) and weighted two-term (2.60) surrogate models accurately capture this early decay
and are simpler in form than the series solutions. To summarise, the complexity of the terms of
each infinite series, the need for truncation and repeated numerical techniques all diminish the

potential for meaningful analytical insight into the precise influence of each physical parameter

on P(t).

One-term Two-term Numerical
1 1
\ Slab (d = 1) Disc (d = 2)
\ T =3.17 x 10* T = 2.40 x 10*
= N =
Q hS o N\
Ay N\ Qal G
h ~, N ~,
a o b o
ME )
0 t T/2 0 t T/2
1
Sphere (d = 3)
T =1.94 x 10*
=
a \

~ ~

. -
0 (c)
0 t T/2

Figure 3.1: One-term and two-term series solutions for P.(¢) compared with numerical results
for a homogenous (a) slab, (b) disc and (c) sphere with radial symmetry at the origin and a
semi-absorbing outer boundary (Case B of Table 2.1). Here, we choose L = 100, #; = 1.053
(Po = 0.95) and D = 0.5,0.25,0.167 for d = 1,2, 3, respectively. The final time 7" is rounded
to three significant digits.
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3.1.3 [Initial value problem for P.(t)

Finally, it is important to note that we can obtain an initial value problem satisfied by P,(t)
by averaging the continuum model (2.4)—(2.7) or (2.8)—(2.14) for the homogeneous and het-
erogeneous geometries, respectively. However, this is only valid for a trivial set of boundary
conditions. Considering the continuum model (2.4)—(2.7) for the homogeneous geometries,

applying the averaging operator (2.17) to the diffusion equation (2.4) yields

dP. __dD
dt ¢4 —¢d

_,0c . 0c
Ik 15(51,15)—123 15(50,15) . (3.7)

In the trivial case that both boundaries are reflecting, such that ag = a; =0 and by = by =1,
the ordinary differential equation (3.7) simplifies to dP./dt = 0. Thus, P.(t) = 1 for all time,
as no particles are able to exit the system. However, if at least one boundary is absorbing or
semi-absorbing, such that ay # 0 and/or a; # 0, we obtain

dp dD [aold™!

- On 1) —
& w—a | o Lol

alf‘lj_l

by

C(El) t) )

which implies that it is not possible to eliminate the dependence of P.(t) on the continuum

solution ¢(r,t).

3.2 Surrogate model development and analysis

In sections 2.4.3-2.4.5, we presented surrogate models for P(t) obtained by matching moments
with the continuum analogue of the stochastic diffusion model. In this section, we provide
detailed derivations of the one-term, two-term and weighted two-term models for P(t) for some
of the cases given in Table 2.1. Firstly, we derive the formula (2.37) for A for the one-term
model (2.35) and consider unique solutions for Cases B, E and G of Table 2.1. Secondly, we
consider the two-term model (2.45) and derive the formula (2.50) for A, 5. Using this formula,
we then construct unique expressions for (2.50) for the same three cases. Thirdly, we derive the
formulas (2.67)—(2.70) for i, A2, # and w for the weighted model (2.60) and consider Cases B
and E for the homogeneous geometries. Finally, we illustrate the usefulness of surrogate models
for simplifying the fitting of experimental release data. This is shown by using the one-term
model (2.35) to estimate the diffusivity for Case B of Table 2.1.

3.2.1 One-term model

Considering the one-term model (2.35), we follow [18] and match the zeroth moments of S (t)
and P.(t). Substituting in the one-term model (2.35) and continuum analogue (2.17) or (2.18)
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into the condition (2.36), we obtain

00 ) d 41
/ e M dt = / [W/ rte(r, t) dr} dt,
0 0 1 0 J4o
0 00 d 41 Lo
/ e Mdt = / {—d y {/ r ey (rt) dr +/ ey (r,t) dr” dt,
0 0 EQ - gO Lo A

for the homogeneous and heterogeneous geometries, respectively. The order of integration on
the right hand side can be rearranged and the definitions (2.21) for My(r) and (2.26) for Mél) (r)
and Méz) (r), where k = 0, allow for simplification. Integrating and evaluating on the left hand

side, we then obtain

d

1 SR
X = M/e ’l”d 1M0(7") d?",
0

1 d O a0 R
X:fg—fg [/ ¢ M, (r)dr+/ M, (r)dr].

fo el

Lastly, we use the definition of (My(r)), given by (2.25) for the homogeneous geometries or
(2.34) for the heterogeneous geometries, where k& = 0. The expression 1/\ = (My(r)) is

obtained, which can be inverted to recover (2.37),

Homogeneous geometries

Considering the homogeneous geometries, we determine closed-form analytical expressions for

the zeroth moment My(r). The ordinary differential equation (2.22), where k = 0,

D d [, dM
il -1
rd=1dr <r dr ) ’

can be solved to give a general solution for My(r), and we then obtain unique solutions for
Cases B and E of Table 2.1. Finally, analytical expressions for (My(r)) are then obtained by
applying (2.25), where k = 0,

d [ 4

<M0(T)> = m/ Td 1M0<T) dT‘, (38)
1 0 J4o

to the unique solutions for My(r). The general solution for My(r) is given by

7"2

2dD
Il(r):/ 774 dzy, (3.10)
Lo

My(r) = kL (1) — —— + ko, (3.9)

where k; and ks are constants. The definite integral I;(r) allows My(r) to be expressed in terms
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of a general dimension d, and closed-form expressions for d = 1,2, 3 are given in Appendix B.
To determine k; and ko, we first consider Case B. The boundary conditions (2.23) and (2.24),
where k = 0, simplify to

dM,

S0 =0, ML)+ g, WMo

dr

(L) =0,

which, when applied to (3.9), yield k& = 0 and ko = (L* + 28,L)/(2dD). Thus, we have a
unique solution for My(r), and the spatial average (My(r)) can be obtained by applying (3.8),

Mdﬂzl;_;gf&L, (3.11)
(o)) = D (3.12)

Figure 3.2 presents a validation of the analytical solution (3.11) for My(r) by comparison with
numerical values obtained using MATLAB’s bvp4c [66] function. The code that computes the
numerical solution and generates the figure is available on GitHub (https://github.com/lukefil
ippini/Filippini_ 2023.git).

12000

Numerical

N Analytical

O ‘
0 r L

Figure 3.2: Comparison between analytical and numerical solutions for the zeroth moment,
My(r), for homogeneous slab, circular and spherical geometries with radial symmetry at the

origin and a semi-absorbing boundary (Case B of Table 2.1). Note that the solutions for My(r)
do not vary with dimension.

The expression (2.38) for A is recovered by substituting the spatial average (3.12) into the

general solution (2.37). We restate (2.38) for convenience,

d(d+2)D

A= .
L2+ B L(d+2)

Next, we consider Case E. The boundary conditions (2.23) and (2.24), where £ = 0, are

simplified to My(¢y) = My(¢1) = 0 and give simultaneous equations that can be presented as a
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linear system. The constants k; and ko are obtained by solving

2
Fa| _ A 62/(2dD) A 0 1 |
k2 (1/(2dD) Li(6) 1
which gives the unique solutions k; = (¢2 — ¢2)/(2dD1,(¢,)) and ky = ¢%2/(2dD), where I;(r) is

defined in Appendix B. Hence, we have a unique solution for My(r), and the spatial average
(My(r)) is obtained by applying (3.8),

(& — QL(r) — (r* = )L (4)
2dDI, () !
d(d +2)(6; = )1a(6r) — [d(7? = £67%) + (d + 2)(¢] — £5) 5] (4)

(Mo(r)) = 2d(d + 2) (¢4 — ¢ DI, (¢,) o (313

IQ(T) :/ 237111(22) dZQ.

Lo

M()(?“) =

It can be shown that Iy(r) = I;(r)r?/d — (r?> — £2) /(2d), which implies that the expression (3.13)

can be simplified to give

A" - 657 — (d+ 2 — G L)

1d(d + 2)(¢4 — @)D (3:14)

(Mo(r)) =

The expression(2.42) for A can then be recovered by inverting the spatial average (3.14),

B 4d(d + 2) (¢4 — ¢ D
A — 057) = (d+2)(6 = B[ ri-ddr]

Heterogeneous geometries

Considering the heterogeneous geometries, we determine closed-form analytical expressions for
the zeroth moments Mél)(r) and MéQ)(r) for the inner (¢y < r < ¢1) and outer ({; < r < {3)
layers, respectively. The ordinary differential equations (2.28) and (2.29), where k = 0,

Dli Td—ldM(gl) - 1 &i Td—lw =1
rd=1dr dr Topd=ldy dr ’

can be solved to give a general solution for Mg(l)(r) and Mé2)(r), respectively. Unique solutions
for both quantities are then obtained by applying the boundary and interface conditions (2.30)—
(2.33), where k = 0. Here, we consider Case G of Table 2.1 and solve for M(()l)(r) and M®(r)

subject to

() =0, MP(L) + =g (L) =0, (3.15)
! da?
M) = MPey), Dy d;’ (41) = Dy d;} (1). (3.16)
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Lastly, an analytical solution for (My(r)) is then obtained by applying (2.34), where k = 0,

€1 52
<M0(r)>:ﬁ[ / P (r) dr + / r M (r) dr], (3.17)
27 %0 LS4

0y

to the unique solutions for M, (1 (r) and M ( ). The general solutions for M, (1 (r) and M ( )

are given by

2 ,,,2
MY () = G0 0) = oo e MY () = L) — 5o

1V(r) = / Aldz, 1P(r) = / Sy,
Lo 2

where ki, ko, k3 and k4 are constants. Closed-form expressions for I ( ) and I ( ) are given

+ k47

in Appendix B. The boundary and interface conditions (3.15)—(3.16) yield the unique solutions
]{?1 = ]{?3 = O, ]{ZQ [(LZ + 2ﬁ1L)D1 + 62(D2 Dl)]/(QleDQ) and ]{?4 <L2 + 2ﬁ1L)/(2dD2) for
the constants. Thus, we obtain unique solutions for M{"(r) and M{?(r) and determine the

spatial average (My(r)) by applying (3.17),

(1) . (L2 - f% + 261L)D1 + DQ(E% - 7”2) (2) - L2 - 7"2 + 2B1L
My (r) = 24D, D, - Mo =
_ Di[L?+ BiL(d+2)]+ 657 (D — D) /L
M, ) 3.18

The spatial average (3.18) can be inverted to recover the expression (2.44) for A, which we

restate for convenience,

B d(d + 2)Dy D,
(L2 + B L(d + 2))Dy + (473(Dy — Dy) /L4

3.2.2 Two-term model

Considering the two-term model (2.45), we propose a matching of the zeroth and first moments
of Sy(t) and P.(t). Substituting in the two-term model (2.45) and continuum analogue (2.17)
or (2.18) into the conditions (2.46) and (2.47), we obtain

% /000 e_Alt + e_>\2t dt = <M0(T)>7 (319)
: /0 EfeMt e dt = (M (), (3.20)

where the spatial average (M (7)) is obtained by following a process analogous to that discussed
in section 3.2.1. Note that we have already determined expressions for (My(r)) for Cases B,
E and G of Table 2.1. Integrating and evaluating on the left hand side of (3.19), and using
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integration by parts for (3.20), we recover (2.48) and (2.49), respectively,

o e O I P BT

Using the expression (2.48), we rearrange for 1/A; and substitute into (2.49) to give a quadratic

expression in 1/\s,

(%2)2 oMy (1)) (%) +2(Mp(r))? — (Mi(r)) = 0. (3.21)

2
The roots of (3.21) are obtained by using the quadratic formula. We choose the root

1

= (M) = VL)) — (1)) (3.22)

to give a single value for )y, although the other root could alternatively be chosen with no
difference arising in the form of Sy(t). Lastly, (3.22) can be substituted into (2.48) to give the

other root of the quadratic expression (3.21),

= (M) + /TR — (0T (3.23)

1

Thus, inverting (3.22) and (3.23) recovers the expression (2.50) for A o,

Homogeneous geometries

Considering the homogeneous geometries, we determine closed-form analytical expressions for
the first moment M;(r). The ordinary differential equation (2.22), where k = 1,

D d [ ,,dM,
rd—la (T dr ) - _MO(T)a (324)

can be solved to give a general solution for M;(r). We obtain unique solutions for Cases B and
E of Table 2.1, as in section 3.2.1. Lastly, analytical expressions for (M;(r)) can be obtained
by applying (2.25), where k = 1,

4y
OR() = g [ an an (3.25)

to the unique solutions for M;(r). The general solution for M;(r) is given by

My(r) = n(r) + gili(r) + g2, (3.26)
7"4 k’l ]{32 2
n(r) = 8d[d+2)D: D 3(r) — 5D (3.27)
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I3(r) = /T 23 4 1y(23) dzs. (3.28)
Lo

where ¢g; and g9 are constants and k; and ko are given in section 3.2.1 for Cases B and E.

Note that the general solution (3.9)—(3.10) for My(r) is substituted in to the right hand side of

(3.24). Expressions for I3(r) for d = 1,2, 3 are given in Appendix B. Now, we first determine

unique expressions for g; and g for Case B. The boundary conditions (2.23) and (2.24), where

k =1, simplify to

dM1 dMl
0)=0, M(L
T (0) =0, 1(L) + B T

(L) =0,

which give gy = 0 and g, = [(d + 4)(L? + 28, L)* + 4dB?L?] / [8d*(d + 2) D?]. Thus, we obtain
a unique solution for M;(r) and determine the spatial average (M;(r)) by using (3.25),

(L2 + 26, L) [(d + 4)(L* + 28,L) — 2(d + 2)r?] + dr* + 4dB?L?

M(r) = SP(d 1 2)D? : (3.29)
2(L2 +2B,L)? + 2dBy P + d(d + 6) 5L
(Miy(r)) = E(d 1 2)2(d L DD : (3.30)

Figure 3.3 shows that the analytical solution (3.29) is valid when compared to numerical values
for d = 1,2, 3, obtained using MATLAB’s bvp4c [66] function. The code which computes the
numerical solutions and generates the figures is available on GitHub (https://github.com/luke
filippini/Filippini_ 2023.git). We now substitute the spatial averages (3.12) and (3.30) for My(r)
and M, (), respectively, into the general expression (2.50) for A; » and simplify to recover (2.52),

d(d+2)D

A2 = :

L2(1++\/d/(d + 4) + /i L(d +2)

Next, we consider Case E. The boundary conditions (2.23) and (2.24), where £ = 1, are
simplified to M;j(y) = M;(¢;) = 0. These conditions yield unique expressions for g; and gs,

which are obtained by solving the linear system

—71 (£ 0 1
0 _ A;l fyl( 0) ’ Ad — )
92 —71(61) Li(6) 1
We do not present expressions for M;(r) and (M;(r)) due to their length and complexity. Re-
gardless, analytical solutions for M;(r) and (M;(r)) can be determined using Wolfram Mathe-
matica [67] to minimise tedious by-hand solutions and human error. Mathematica and by-hand

simplification were used to determine the expressions (2.53)—(2.56), which we restate for con-

venience,
Slab (d =1)

12D

M £ V)
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Figure 3.3: Comparisons between analytical and numerical solutions for the first moment,
M (r), for homogeneous (a) slab, (b) circular and (c) spherical geometries with radial symmetry
at the origin and a semi-absorbing boundary (Case B of Table 2.1).

Annular (d = 2)

8D log(l1/ty)
(65 + 61) log(€1/lo) — (1} = 63) £ /€21 /3
€a1 = 3(6; — £5)° = 3(1 — €5) log(€1/0y) + (€7 — €3)* Log? (€1 /(o).

Ao =

Spherical shell (d = 3)

60D(¢3 — £3)
(0 — 0o)3(402 + Tholy + 403 + /385, /7))
€31 = 1601 + 260003 + 210202 + 26030, + 1605,

Mo =

Heterogeneous geometries

Considering the heterogeneous geometries, we determine closed-form analytical expressions for
the first moments Ml(l)(r) and M1(2) (r) (2.26) for the inner (¢y < r < ¢1) and outer (¢; < r < ly)
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layers, respectively. The ordinary differential equations (2.28) and (2.29), where k£ = 1,

Dy d [, dm ) Dy d [, dMP @
T iy ( e s G T A

can be solved to give general solutions for M; (1) (r) and M ( ), respectively. Unique solutions

for both quantities are then obtained by applying the boundary and interface conditions (2.30)—
(2.33), where k = 1. As in section 3.2.1, we consider Case G in Table 2.1 and, hence, apply the

conditions

am @
S (0)=0, MI(L)+pi— (L) =0, (3.31)

() (2) dn;” d?
M7 (6) = My (6y), Dy ar (€1) = Dy T (41), (3.32)

Finally, we obtain an analytical solution for (M;(r)) by applying (2.34), where k = 1,

d Zl ‘62
<M1<r)>=w[ / rn () dr + / M () dr], (3.33)
27 %0 Lo

4y

to the unique solutions for M, M (r) and M ( ). The general solutions for M, M (r) and ]\/[ ( )

are given by

2r2(d + 2)[(L2 — 2 + 2B, L) Dy + (2Dy] — dr*D
M1(1)<7’) = ( ) 8d12(d _f;)ngl-b ) 2 +h11§1)('r) + ha,
1
2r3(d+ 2)(L* + 23, L) — dr* 5
M (r) = hsli (r) + h
2 (1) 8d2(d + 2)D2 sl (r) +

where hy, hg, hs and hy are constants. Unique solutions for these constants, which we do
not present for readability, are determined by applying the boundary and interface conditions
(3.31)—(3.32). The spatial average (M;(r)) can be calculated by applying (3.33),

B [2(L* 4 2B, L)% + 2dB, L? + d(d + 6) 32 L*| D} — 77d
M) = 2(d+2)(d + 1) D303
na = 1"(Dy — D1)[(d + 4)(L* — 68 + 28, L) D1 + 263(Dy — Ds)]. (3.35)

(3.34)

By substituting in the spatial averages (3.18) and (3.34)—(3.35) into the general expression
(2.50) for A2, we recover (2.58)—(2.59),

d(d + 2)D1 D,
(L2 + BiL(d + 2)Ds + [(57(Ds — Dy) £ v/aa/(d + D)/L7

A =

— d(d + 4)(Dy — D)) Dy L2 — (4 + 4)(Dy — D)2+ 1
(d+2)((d+2)D} — (d+4)D1 Dy + 2D3) LU 4 d D3 L2,
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3.2.3 Weighted two-term model

Considering the weighted two-term model (2.60), we propose a matching of the zeroth, first
and second moments of S5(t) and P.(t). Substituting in the weighted two-term model (2.60)
and continuum analogue (2.17) or (2.18) into the conditions (2.61)—(2.63), we obtain

/ " et + (1 —@)e™ 2t dt = (My(r)), (3.36)
/ Oot [Ge™™" + (1 — 0)e '] dt = (Mq(r)), (3.37)
/ T [Ge™ ™ + (1 — 0)e '] dt = (Ma(r)), (3.38)

where the spatial average (My(r)) is obtained by following a process analogous to those de-
scribed in sections 3.2.1 and 3.2.2. Note that analytical expressions for (My(r)) and (M;(r))
have been determined for Cases B, E and G of Table 2.1. Integrating and evaluating on the
left hand side of (3.36), and using integration by parts for (3.37) and (3.38), we recover (2.64)-
(2.66),

6 1-46 6 1-46 0 1-06

Ny = M), /\_%+)\—%:<M1<T)>7 Q{A—§+/\—§}:<M2<T)>'

Using the expression (2.64), we rearrange for 1/A; and substitute into (2.65) to give a quadratic

expression in 1/,

(5) 2000 (5;) + 4505 - S =0 (339

The roots of (3.39) are obtained by using the quadratic formula. We choose the following root
for As:

/\l = (Mo(r)) = /O [(My(r)) — (Mo(r))?] /(1 — ), (3.40)

2

which can be substituted into (2.64) to give

L~ (Mo(r)) + VA= O [ORE) = ()] /. a1

1

Thus, inverting (3.40) and (3.41) recovers the expressions (2.68) and (2.67) for A\; and o,

respectively,

A = ! )
(Mo(r)) + /(1 = O)[(My(r)) — (Mo (r))?]/6
1
Ay =

(Mo(r)) — +/O[(Mi(r)) — (Mo(r)?]/(1 — 6)

Finally, substituting in (3.40) and (3.41) into (2.66) and performing laborious rearrangement
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yields a quadratic expression in terms of the weighting parameter 6,

— 0, (3.42)

A trial and error approach shows that choosing the configuration immediately above for \;, Ay
and 0 satisfies the matching of the zeroth, first and second moments of S3(t) and P,.(t), while
enforcing \; > 0, Ay > 0 and 6 € [0, 1]. Alternatively, one could also choose

)\1 - 1 ’
(Mo(r)) = /(L = O)[(Mi(r)) — (Mo(r))?]/0
)\2 = ! )
(Mo(r)) + /O[(Mi(r)) — (Mo(r))?]/(1 - 0)
1 1 w
“3 oo

and the weighted two-term model results (see section 2.5) would remain unchanged.

Homogeneous geometries

Considering the homogeneous geometries, we can determine closed-form analytical expressions

for the second moment Ms(r). The ordinary differential equation (2.22), where k = 2,

D d [, dM,
WTE(T HT):_”LW’

can be solved to give a general solution for My(r),

Ma(r) = 72(r) 4+ hali(r) + he, (3.43)
+ ks 7’4 — rt _ %
4d(d + 2) D? 24d(d+2)(d+4)D* D

I(r) = / zjf_l I3(r) dzg, Ix(r) = / zé_d I(r) dzs,

Ko ZO

Iy(r) — dg—;ﬁ, (3.44)

where h; and hy are constants and k1, ks, g1 and g, are given in sections 3.2.1 and 3.2.2 for Cases
B and E of Table 2.1. Note that the general solution (3.26)—(3.28) for M;(r) is substituted
in as the right hand side of (2.22). Evaluations of I4(r) and I5(r) for d = 1,2,3 are available
in Appendix B. Analytical expressions for (Ms(r)) can be obtained by applying (2.25), where
k=2,
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1%

(Ms(r)) = / r My (r) dr.
Lo

Here, we do not present analytical expressions for My (r) or (My(r)). Mathematica [67] calcula-

tions and by-hand simplification were used to determine the expressions A;, Ay and w for Cases

B and E in section 2.4.5, respectively.

3.2.4 Parameter estimation using one-term model (2.35)

Surrogate models, such as the one-term (2.35), two-term (2.45) and weighted two-term (2.60)
models presented in this work, avoid the limitations of the continuum analogue of P(t) out-
lined in sections 2.4.1 and 3.1.2. To elaborate, these models are simple closed-form analytical
expressions that are easy to compute, require no numerical calculations and highlight the pre-
cise influence that each physical parameter has on the release profile. Moreover, an additional
advantage that surrogate models can have over P.(t) is in simplifying the process of fitting

experimental data. For example, consider the one-term model (2.35) for Case B of Table 2.1,

(3.45)

Sl(t):exp< did+2)D t>.

L2+ BiL(d+2)

If the diffusivity, D, of a material of interest is unknown, an estimate can be obtained by a

simple rearrangement of (3.45),

_L2 + f1L(d + 2)

D=~
d(d+2)t*

og(P(t%)), (3.46)

where t* € [0, T]. Thus, for experimental observations of P(t), an estimate of the diffusivity, D,
can be obtained by substituting in P(¢*), the observed proportion of particles remaining at time
t*, into (3.46). A limitation of this approach is that the one-term model does not accurately
capture the early and late-time decay of P(t). Thus, the reliability of (3.46) depends on the

time t* and, hence, observation P(t*) used in the estimation of the diffusivity.

3.3 Finite volume and time stepping schemes

In section 2.5, we briefly discussed the finite volume and time stepping schemes used to calculate
numerical solutions of ¢(r,t) for the homogeneous geometries and ¢;(r,t) and co(r,t) for the
heterogeneous geometries. The continuum analogue of P(t), given by the spatial average (2.17)
or (2.18) for the homogeneous and heterogeneous geometries, respectively, was then calculated
by using a trapezoidal rule approximation. In this section, we discuss the finite volume and time

stepping schemes for discretising the continuum models (see section 2.3) in thorough detail.
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Figure 3.4: Schematic of a vertex-centred finite volume discretisation for a homogeneous
radially-symmetric geometry. Here, ¢; denotes the numerical approximation to c¢(r;,t) for
1 = 1,2,...,N,.. The quantities V;, w; and e; represent the ith control volume length, west
boundary and east boundary, respectively. Additionally, the quantity h represents the uniform
spacing between the nodes 7;.

3.3.1 Homogeneous materials

Considering the continuum model (2.4)—(2.7), we use a vertex-centred finite volume scheme to
discretise in space for a homogeneous material, as shown in Figure 3.4. We define N, nodes
T1,...,7y, on the radial domain [{y, ¢1] such that r; = ¢y and ry, = ¢;. The uniform spacing
between the nodes is given by h = (¢; —¥{y)/(N, — 1), although a non-uniform spacing could also
be used. Next, we define ¢; as the numerical approximation of ¢(r,¢) at node r; fori =1,..., N,.

Additionally, we let V; = e; — w; denote the ith control volume, where

. Ti+l+7ni .
r1, 1 =1, —— i=1,...,N, — 1,

o o 9
Wi =4 4oy . e = (3.47)
—1 2227"'7]\77’7 N, i:Nr,

represent the west and east control volume boundaries, respectively. Next, rearranging the

partial differential equation (2.4) and integrating over each control volume yields

€ Oc “ 0 dc
a-19¢ . _ O [ d19€
/wir atdr D/wi 5 (7‘ 87“) dr.

We use the definition of the average concentration over the ith control volume,

_ O A
T 17 at d )
c ‘/;/wi r*e(r,t) dr

to obtain the following expression:

V@:D[edlac ‘ a-10¢

Next, we introduce the approximation & = r%'¢; to obtain the following system of ordinary

differential equations:

de; D a1 0c
_— = — | e
dt V;rd_l

(2
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Figure 3.5: Schematic of a vertex-centred finite volume discretisation for a heterogeneous
radially-symmetric geometry comprised of two concentric homogeneous layers. The inner layer
has diffusivity Dy, and the outer layer has diffusivity D,. Here, cgj ) and cék) denote the numerical
approximations to ¢;(r;,t) and ca(rg, t), respectively, for j =1,..., Ny and k = N, +1,..., N,.
The quantities V;, w; and e; represent the ith control volume length, west boundary and east
boundary, respectively, for ¢ = 1,2,..., N,. Additionally, the quantities h; and hy represent

the spacing between nodes r; and 7y, respectively, for j =1,..., Ny and k = N; +1,..., N,.

Finally, by introducing central difference approximations for the spatial derivatives and incor-

porating the boundary conditions (2.6) and (2.7), we obtain

dey D et 13 ay et
E = ‘/]-g—g—l |:— (T —|— bU C1 —l— TCQ s (348)
de; D d—1 d—1 d—1 d—1 -
d = m [wl Ci—1 — (U)Z + €; ) c; + €; CZ‘+1] , 1= 2, R 7Nr — 1, (349)
dey, D |w§! w0
T = VN gil*l [ h CN.—1 — h + b1 CN, | - (350)

Note that, in the case where £y = 0 and d > 1, which implies a disc (d = 2) or sphere (d = 3)

with radial symmetry at the origin, we obtain ¢; = ¢ and only require (3.49)—-(3.50).

3.3.2 Heterogeneous materials

Considering the continuum model (2.8)—(2.14), we use a vertex-centred finite volume scheme
to discretise in space for a heterogeneous material with two layers, as shown in Figure 3.5. We
define N, = Ny + Ny — 1 nodes 71,79, ..., TNys TNy41, - - -, T, ON the radial domain [¢g, £5] such
that 1 = £y, ry, = ¢1 and ry, = f5. The node spacings are defined as hy = (¢; —¥{y) /(N1 —1) for
71,79, .., 7Ny and hy = (bo—£1)/(No—1) for ry, 1, 7Ny42, - - -, Tn,. Here, we let Ny = [(1N,. /(]
and Ny = [({3 — £1)N,/{5], where [-] represents the ceiling function. Moreover, we define ¢’
and cgk) as the numerical approximations of ¢;(r,t) and cy(r,t) at the nodes r; and ry for
j=1,...,Nyand k = Ny + 1,...,N,, respectively. Again, we let V; = e; — w; represent the
ith control volume for ¢ = 1,..., N,, where the control volume boundaries are given by (3.47).
Next, rearranging the partial differential equations (2.8) and (2.9) and integrating over each

control volume, we obtain
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€ 80 eja 80
d—1 1 d—1 1 .
7 —dr=D — | 7 - dr =1....,Ny—1
/- 5t 1/101'5 ( 6 ) ’ J ’ o ’

Wi
k Oc % 0 Oc
d—1Y%2 d—1YC2
2dr=D = ) dr, k=N +1,...,N,
/wkr ar O Q/wk m(r (97“) d 1 b

b9 [ 4,00 N9 (4 0c
_Dl/wMa(r 8r)dT+D2/gl E(r E) dr (3.51)

We use definitions of the average concentration over each control volume,
_ 1 [%
c(g):—/ r ey (rt) dr, j=1,... Ny — 1,

/ Tt T, k:Nl—f—l,...,Nr,

eny
/ (r,t)dr +/ r ey (r, t) dr] ,
wn 4

to obtain the following expressions:

VN1

d_(]) i-19¢1 1901 -
Vi & =D [ej E(ejﬁt) — W E(wj7t):| ;o J=1 N1
dé(k) 802 802
Vi dif = D, {ez ! o — (eg, t) —wi™! o (wk,t)] , k=N +1,...,N,,
dc* _ 002 aCl
VNl dt D2€§ZV11§<6N17 ) Dl w 1 or (wNut) (352)
The expression (3.52) is obtained from (3.51) by using the interface condition (2.14). Finally,
we introduce the approximations c(J ) ~ rd lcg ), cgk) ~ lcgk) and ¢* ~ rN cg Do hus, we

obtain the following set of ordinary differential equations:

dt ‘/}7“?_1

del? Dy _,0¢; ., 0¢; .
1 [@? lg(eji)—w}i lg(wj,t)}, j=1.., N —1,

dcgk) D, d—10c2 i-19¢2
= o et t k=N +1,...,N,,
dt ‘/;Crzl—l €k or (ek” ) Wy, ar (wka ) 5 1+ s s
dc{™ 1 41 0C2 4—1 001
T T [P et = Drut )|

By using central difference approximations for the spatial derivatives, and using the boundary
conditions (2.11) and (2.12), we obtain

dcgl) D, ecll ! ggilao (1) 6(11/71 (2)
= — —_ 3.53
. vggt [ ( ha " bo )C " o 1 ’ (8.58)
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I — (T e ) ef*lcgj“’] L j=2..,Ni—1, (3.54)

j j
M d-1 d—1
dc(1 ) _ 1 Diwiy, (C(N1—1) . C(N1)> _ Daely, (C(Nl) _ C(N1+1)) (3.55)
dt Vng(li_l hy 1 1 B 2 2 ; .
Zi Vde_th2 [wgﬂcgk N _ (wi '+ e cgk) + egflcgkﬂ)} . k=N, +1,...,N,,
k
(3.56)
dcg r) Dy wjlv:l 1) wﬁlv:l o\ -
- d—1 Co + Cs . (3.57)
dt Vn, £ ho o by

In the case of a disc or sphere with radial symmetry at the origin (¢, > 0 and d > 1), we obtain
Y = from (3.53) and only require (3.54)—(3.57).

3.3.3 Crank-Nicolson method

The system of ordinary differential equations (3.48)—(3.50) or (3.53)—(3.57) yield the initial

value problem,

% = Ac, c(0)=c", (3.58)
where ¢ = (cy,...,cy. )" contains the numerical solution at each node, ¢(¥) = (cy, ..., cy)7 is the
initial solution and A € RN+ contains the coefficients from (3.48)—(3.50) or (3.53)—(3.57).
Next, we choose a sufficiently large time 7' over which to numerically solve for ¢(r,t). The
continuous time interval 0 < ¢ < T is divided into M equally-spaced subintervals of width
0t = T/M such that ¢, = ndt for n = 0,..., M. The initial value problem (3.58) can be

integrated over each subinterval [t,,t,1] to obtain

tnt1 d tnt1
/ Cq = Ac dt.
tn dt tn

We introduce an averaging approximation to obtain

() _ o) — %[Ac(n) 4 Ac(n—i—l)]’

which, when rearranged, yields the Crank-Nicolson time-stepping scheme

ot ot
I-—A)c"Y=(I+—=A)c™. (3.59)

2 2
Here, ¢ = (¢},c4,...,c% )7 contains the numerical approximation of ¢(r,t) at node r; and
time point t¢,, ¢ ~ c(r,t,), for i = 1,..., N, and n = 0,..., M. Given the initial solution
c® = (co,-..,co)’ is known, the solution at time step ¢; can be obtained by solving the linear

system (3.59) with n = 0. Thus, the solution at time step ¢,,,, ¢™*Y, can be obtained given
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prior calculation of ¢, ¢, ... ¢ by repetitious solving of (3.59). In the case of an absorbing
inner or outer boundary, or a reflecting inner boundary for circular or spherical geometries,
minor modifications are made to the linear system (3.59). The code that implements the finite
volume and time stepping schemes, and includes these minor modifications, is available on
GitHub (https://github.com/lukefilippini/Filippini 2023.git).

3.4 Results for one- and three-dimensional geometries

In section 2.5, we presented comparisons between the three surrogate models (2.35), (2.45) and
(2.60) and the stochastic and continuum analogues (2.3) and (2.17) or (2.18), respectively, for
the seven test cases of Table 2.2. These results were for two-dimensional radially-symmetric
geometries. Here, we present the model comparisons and results for one- and three-dimensional
radially-symmetric geometries, which are similar to those for the two-dimensional case. Figure
3.6 and Figure 3.7 are the results for Cases A-E for one (d = 1) and three (d = 3) dimensions,
respectively. For Cases F and G, the results for one (d = 1) and three (d = 3) dimensions are

presented in Figure 3.8 and Figure 3.9, respectively.
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Stochastic [N, = 50] [ Stochastic [N, = 500] Continuum
1 : 1 :
Case A Case B
g1 = 2.60 x 1072 g1 = 2.35 x 1072
£y = 1.57 x 1072 £y =1.44 x 1072
= 3 =9.33 x 107 £3 = 7.56 x 10~
& T = 3.07 x 10* T =3.25 x 10*
(a)
0 0
0 t T 0 t T
1 ‘ 1, ‘
Case C Case D
£1 = 2.60 x 1072 £1 =212 x 1072
€9 = 1.57 x 1072 €9 = 1.32 x 1072
= 3 =9.33 x 10~ £3=6.14 x 1074
& T =768 x 10° T = 8.60 x 10°
(c)
0 0
0 t T 0 t T
1 ‘
Case E
g1 = 2.60 x 1072
g9 = 1.57 x 1072
= €3 =9.33 x 107
Q T =192 x 10°
(e)
0 ‘
0 t

Figure 3.6: One-term, two term, and weighted two-term exponential models for P(t) compared
with stochastic and continuum models for the homogeneous test cases (Cases A-E) with d = 1.
For the stochastic model, the bounds of the shaded regions represent the maximum and mini-
mum proportion of particles remaining at each point in time across the Ny = 100 simulations.
The mean absolute errors €1, €2 and €3 and final time 7" are rounded to three significant digits.



— = One-term — = Two-term Weighted two-term

Stochastic [N, = 50] [ Stochastic [N, = 500] Continuum
1 : 1, ‘
Case A Case B
£, = 4.57 x 1072 £, = 3.93 x 1072
g9 = 1.44 x 1072 g9 = 1.38 x 1072
= e3 = 4.51 x 107 = e3 =334 x 107
a T = 1.84 x 104 A T = 2.03 x 104
0 0
0 t T 0 t T
1 : 1, ‘
Case C Case D
g1 =3.90 x 1072 g1 = 3.17 x 102
g9 = 1.73 x 1072 g9 = 1.52 x 1072
= £3 = 2.46 x 107 = e3 =1.60 x 107
A T =1.22 x 10* AR T =1.38 x 104
0 0
0 t T 0 t T
1 |
Case E
g1 =2.89 x 1072
g9 = 1.63 x 1072
= g3 =1.42 x 1073
A T = 5.59 x 103
0 ,
0 t T

Figure 3.7: One-term, two term, and weighted two-term exponential models for P(t) compared
with stochastic and continuum models for the homogeneous test cases (Cases A-E) with d = 3.
For the stochastic model, the bounds of the shaded regions represent the maximum and mini-
mum proportion of particles remaining at each point in time across the Ny = 100 simulations.
The mean absolute errors €1, €2 and €3 and final time 7" are rounded to three significant digits.
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— (ne-term Two-term

Stochastic [V, = 50] Stochastic [N, = 500] Continuum
1 : 1 :
Case F Case G
g1 =3.93 x 1072 g1 =3.65 x 1072
g9 = 1.67 x 1072 g9 = 1.60 x 1072
= T =3.97 x 10* S T =4.15 x 10*

0 t T 0 t T

Figure 3.8: One-term and two-term exponential models for P(t) compared with stochastic and
continuum models for the heterogeneous test cases (Cases F-G) with d = 1. For the stochastic
model, the bounds of the shaded regions represent the maximum and minimum proportion of

particles remaining at each point in time across the Ny = 100 simulations. The mean absolute
errors €1 and €5 and final time 7" are rounded to three significant digits.

= One-term Two-term
Stochastic [V, = 50] Stochastic [N, = 500] Continuum
1 ‘ 1 ‘
Case F Case G
g1 = 5.02 x 1072 g1 = 4.40 x 1072
g7 = 1.00 x 1072 g9 = 8.54 x 1073
= T = 1.98 x 10* S T = 2.16 x 10

0 t T 0 t T

Figure 3.9: One-term and two-term exponential models for P(t) compared with stochastic and
continuum models for the heterogeneous test cases (Cases F-G) with d = 3. For the stochastic
model, the bounds of the shaded regions represent the maximum and minimum proportion of

particles remaining at each point in time across the Ny, = 100 simulations. The mean absolute
errors €1 and €9 and final time 7" are rounded to three significant digits.
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3.5 Additional project considerations

Finally, in section 2.6, we briefly touched on some avenues for future research and potential
extensions of the work presented in this thesis. Here, we discuss potential avenues of future
research that were explored during candidature, in addition to the work presented in chapter
2. The ideas in this section were outside of the scope of this thesis, but are considered to
have enough potential significance to be included in this supporting chapter. In the three cases
explored below, we consider the one-term model (2.35) and derive an analytical expression
for the rate parameter . Firstly, we consider a system with a non-zero steady state c.(r)
for the homogeneous geometries. Secondly, we discuss how the diffusivity for a heterogeneous
radially-symmetric geometry can be represented as a smooth function which depends on the
radial position, rather than a piecewise function. Lastly, we consider how the introduction of
a reaction component in the transport system affects the construction of the one-term model

(2.35) for the homogeneous geometries.

3.5.1 Non-zero steady-state

We account for the possibility of a non-zero steady-state c.o(r) = limy_,o, ¢(r, t) and reconsider
the one-term model (2.35). Considering the continuum model (2.4)—(2.7) for the homogeneous

geometries, we make a small change in the boundary conditions (2.6) and (2.7),

0

CL()C(K[),f) — boa—j(go, t) =ey, t>0, (360)
0

alc(ﬁl,t) + bla_’lc"(ght) = €1, t> O, (361)

which implies that the dimensionless particle concentration ¢(r, t) will not decay to zero if ¢y # 0
and/or e; # 0. Note that eg = €3/¢ and e; = é;/¢ where &y and é; represent the number
of particles per unit length/area/volume outside the inner and outer boundaries, respectively.

Now, we alter the one-term model (2.35) in the following manner:

Si(t) = Coo + (1 — Cyo)e™, (3.62)
d ("

Coo = 7 / r e (r) dr. (3.63)
gl - gO Lo

Here, Cy = (coo(r)), expressed as (3.63), represents the spatial average of the steady-state
concentration, ¢, (7). The one-term model (3.62) is appropriate as it agrees with the continuum
analogue P.(t) (2.17) at initial time (P.(0) = 1) and has the correct limiting behaviour at large
times (i.e. limy_,o Pe(t) = Cs). To determine an analytical expression for the parameter A of

the one-term model (3.62), we propose the following condition:

/ TISi() — O] dt = / TR — O] dt. (3.64)
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The expression (3.64) enforces the condition that the area enclosed between C, and Si(¢) must
be equal to that between Cy, and P.(t). Substituting the one-term model (2.35), the continuum
analogue (2.17) and the steady-state average (3.63) into (3.64), and rearranging the right hand

side, we obtain

oo 01 00
(1-— COO)/ e Mdt = — d y / rd-1 {/ c(r,t) — coo(r) dt| dr.
0 61 - gO Lo 0

Integrating and evaluating on the left hand side, we arrive at

1—-Cyx

= (Mo(r)), (3.65)

Finally, the expression (3.65) is inverted to give an analytical form for A,

1-C
A= < (3.66)
(Mo (r))
The result (3.66) provides insight into the role of the boundary conditions (3.60)—(3.61) on

the proportion of particles over time, P(¢). Hence, this illustrates that the moment-matching

approach discussed in this thesis can be extended to account for a non-zero steady state.

3.5.2 Smooth diffusivity function

We now consider heterogeneous geometries defined by a smooth diffusivity D(r) and determine
a unique expression for the one-term model (2.35). The general form of the rate parameter
expression (2.37), given as A = 1/(My(r)), does not change as we are no longer accounting
for a non-zero steady state. Rather, we define a new boundary value problem, involving the
diffusivity function D(r), which My(r) satisfies and compute the spatial average (My(r)) using
(3.8). Here, we consider Case B of Table 2.1. Firstly, the initial-boundary value problem for

this scenario is defined as

Oc
— = =1D(r)— L, t
(r (T)ar , O0<r<lL, > 0,

c(r,0)=1, 0<r<L,

%0,t) =0, c(L,t)+,81%(L,t):O, t>0.
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By integrating the above initial-boundary value problem over time, we obtain a boundary value

problem which Mj(r) satisfies,

1 d _ dM,
gy (PG ) =1 0<r<
dM, dM,
= My (L L)=0.
o) =0, ML)+ 550 (L) =0

The solution My(r) of this boundary value problem and the average (My(r)) are given by

M) = ; [/ o ) iy zfi)] ’
(Mo(r)) = é UOL D"(’T) dr — %/OL pi=1 /0 Dzl) dz + ng)} . (3.67)

Note that the expressions (3.11) and (3.12) for My(r) and (My(r)), respectively, for homoge-

neous geometries are recovered by setting D(r) = D. For particular choices of the diffusivity

function D(r), the integrals within the spatial average (3.67) could be evaluated, yielding

closed-form expressions for the rate parameter A and, hence, the one-term model (2.35).

3.5.3 Addition of reaction term

Finally, we include a reaction term in the model (2.4)—(2.7) for the homogeneous geometries
and determine a unique expression for the one-term model (2.35). We define a new boundary
value problem, involving the reaction term, which My(r) (2.21) satisfies and compute the spatial
average (My(r)) using (3.8). We again consider Case B of Table 2.1. Firstly, we redefine the

initial-boundary value problem (2.4)—(2.7) to include a reaction term for decay,

dc D o ( ,,0c
c(r,0) =1, 0<r<L,

dc dc
E(O, t) = O, C(L,t) + Bla(L,t) = O, t> 0.

By integrating the above initial-boundary value problem over time, we obtain a boundary value

problem which My(r) satisfies,

D d _,dM,
1y, (”’d ld—ro) —YMo(r)=-1, 0<r<L,
d 0 dMo
= My(L L)=0.
o) =0, My + 5 =0
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The solution My(r), for d = 1, of this boundary value problem and the spatial average (My(r))

are given by

M) = 1 . cosh (wfyr/D)
"7 cosh (VAL/D) + 6i/4/Dsinh (\AL/D)
1 \/7/Dsinh ( f)//DL)
(Mo(r)) = — |L

LT ot (VAETD) + pr/a7Dsinn (VATTD)

This illustrates that it is possible to derive analytical formulas for the one-term model (2.35)
which highlight the influence of key physical parameters, including the reaction term ~, on

P(1).
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Chapter 4

Conclusion

4.1 Summary and discussion

In this thesis, we have considered the problem of diffusion-controlled particle release from d-
dimensional radially-symmetric geometries with absorbing, reflecting and/or semi-absorbing
boundaries. The purpose of this work, motivated by two research objectives, was to develop
novel surrogate models to describe P(t), the proportion of particles remaining with the geometry
over time. This work was motivated by drug delivery and thin-layer drying applications, where
surrogate models are frequently used to approximate quantities analogous to P(t). Previous
surrogate models included exponential, Weibull and other exponential-like functions to describe
P(t) and related quantities [48, 49] for homogeneous slab, circular and spherical geometries with
radial symmetry [19, 22, 23, 26, 27, 39, 58]|. Motivated by Carr [18], we presented one-term, two-
term and weighted two-term exponential models for P(¢) obtained by matching moments with
the continuum analogue of the stochastic diffusion model. This approach produced relatively
simple closed-form analytical approximations of P(t¢) that are computationally inexpensive to
evaluate and avoid the limitations associated with the stochastic and continuum descriptions
of P(t). The surrogate models are expressed explicitly in terms of physical parameters of the
diffusive transport system, and, thus, allow for meaningful analytical insight into the precise
influence of each physical parameter on the release profile.

In Chapter 2, we presented the manuscript submitted to Physica A (April 2023). In this
chapter, we developed novel exponential models to describe P(t). Firstly, we reproduced the
one-term model (2.35) presented by Carr [18] by matching the zeroth moments of S;(¢) and
the continuum analogue of the stochastic diffusion model, P.(t). Secondly, we developed the
two-term model (2.45) by matching the zeroth and first moments of Sy(t) and P.(¢). Finally,
the weighted two-term model (2.60) was obtained by matching the zeroth, first and second
moments of S3(¢) and P.(¢). In total, we considered three main problems: (i) homogeneous
slab, circular and spherical geometries with an absorbing or semi-absorbing boundary, (ii)
homogeneous slab, annular and spherical shell geometries with absorbing, reflecting and/or
semi-absorbing boundaries and (iii) heterogeneous slab, circular and spherical geometries with

an absorbing or semi-absorbing boundary. For each of the seven test cases considered (Cases A—
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G, Table 2.1), the weighted two-term and/or two-term model captured the early and late-time
decay of P(t) more accurately than the one-term model. In particular, the weighted two-term
model captured the stochastic and continuum descriptions of P(t) with the highest degree of
accuracy. The most significant finding was that this model is more simplistic and accurate than
the one-term Weibull model developed by Carr [18].

Chapter 3 contained supporting information for the manuscript presented in Chapter 2.
Firstly, we developed exact analytical expressions, by using separation of variables and eigen-
function expansion, for P.(t). To elaborate, we considered Case B of Table 2.1, presenting exact
solutions for a homogeneous slab, disc and sphere with radial symmetry at the origin and a
semi-absorbing boundary. The limitations associated with these analytical solutions, including
root approximations and truncation requirements, were then discussed in detail. Moreover,
we provided a thorough derivation of the one-term, two-term and weighted models in section
3.2. Firstly, we determined a general solution for each model by matching moments with the
continuum analogue P.(t). We then considered Cases B, E and G of Table 2.1 and constructed
boundary value problems for the zeroth and first moment of particle lifetime. For the second
moment, we considered Cases B and E for the homogeneous geometries. Several unique so-
lutions for the surrogate models were then reproduced. Also, we discussed how the one-term
model (2.35) could be used to simplify the process of fitting experimental data by obtaining
an estimate of the diffusivity for Case B. Moreover, we provided the finite volume and time-
stepping schemes used to compute P(t) for the continuum model. Additionally, we presented
the results for the seven test cases of Table 2.2 for one- and three-dimensional radially-symmetric
geometries. These results illustrated that the weighted two-term and/or two-term models cap-
ture the early and late-time decay of P(t) more accurately than the one-term model. Finally,
we discussed additional work conducted throughout candidature that could be considered as

avenues for potential future research.

4.2 Future work

There are several avenues that could be explored in future as an extension of the work presented
in this thesis. To begin, there are other functional forms of P(¢) that can potentially be
investigated, in addition to the one-term, two-term and weighted two-term models presented
in this work. For example, many other exponential and exponential-like functions have been
used in thin-layer drying applications, as summarised by Akpinar et al. [41], Ertekin et al.
[42] and Onwude et al. [39]. The moment-matching approach outlined in this thesis and by
Carr [18] could be used directly or modified to develop new surrogate models for P(t) based
on these other functional forms. This could ideally yield a model simpler in construction than
the weighted two-term model (2.60) with a similar level of accuracy.

Moreover, we assume throughout this work that particles are always initially uniformly
distributed within the radially-symmetric geometry. Another extension of this research could

involve accounting for a non-uniform initial distribution of particles. This could be practically
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relevant in drug delivery research, as several modelling approaches have been investigated for
release from multi-layered core-shell capsules. The drug is initially distributed within a core
shell and must diffuse through multiple concentric layers, which do not initially contain the
drug, before it reaches the external environment [25, 28, 29]. Additionally, we have considered
heterogeneous geometries with two concentric layers, so there is the potential to extend this
work to consider radially-symmetric geometries with additional layers or a smooth diffusivity
(see section 3.5.2). Lastly, the heterogeneous geometries could also be approximated by ho-
mogeneous domains with an effective diffusivity, D.g. There are several approximations for
Deg that could be investigated [56], which implies that surrogate models for the homogeneous

geometries could be used instead.
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Appendix

A. Surrogate model parameter values

Here, we present the one-term (2.35), two-term (2.45) and weighted two-term (2.60) exponential
models corresponding to Cases A-G (see Table 2.2) by providing numerical values for the
parameters appearing in each surrogate model. All values are rounded to three significant

figures and presented in tables separated by dimension.

One-term Two-term Two-term (weighted)

Case A M A2 A A2 0

QHEHE0OaQw

1.50 x 10~*
1.42 x 10~*
6.00 x 10~*
5.36 x 10~*
2.40 x 1073
1.16 x 10~*
1.11 x 10~*

1.04 x 10~*
9.95 x 107°
4.15 x 107*
3.83 x 10~*
1.66 x 1073
7.34 x 107°
7.13 x 107°

2.71 x 1074
2.45 x 10~
1.09 x 1073
8.92 x 10~
4.34 x 1073
2.79 x 10~
2.51 x 1073

1.23 x 10~*
1.19 x 10~*
4.94 x 1074
4.56 x 10~*
1.96 x 1073

2.13 x 1074
1.84 x 1073
8.51 x 1073
6.57 x 1073
3.40 x 1072

8.12 x 1071
8.27 x 107!
8.12 x 107t
8.41 x 1071
8.12 x 107!

Table Al: Surrogate model parameters for Cases A—G appearing in the one-term (2.35), two-
term (2.45) and weighted two-term (2.60) exponential models (d = 1).

One-term Two-term Two-term (weighted)

Case A M A2 A A2 0

QHHUOOQWw

2.00 x 1074
1.85 x 10~*
4.16 x 10~*
3.70 x 10~*
1.19 x 1073
1.75 x 10~*
1.63 x 10~*

1.27 x 107*
1.21 x 10~*
2.75 x 10~*
2.54 x 107*
8.20 x 1074
1.02 x 10~*
9.79 x 107°

4.73 x 1074
3.98 x 10~
8.55 x 1074
6.80 x 1074
2.17 x 1073
6.09 x 10~
4.90 x 1074

1.45 x 107
1.39 x 10~*
3.22 x 1074
3.00 x 10~*
9.76 x 10~*

1.65 x 1073
1.39 x 1073
4.58 x 1073
3.50 x 1073
1.61 x 1072

6.99 x 107!
7.24 x 107!
7.58 x 107!
7.93 x 1071
8.08 x 107!

Table A2: Surrogate model parameters for Cases A-G appearing in the one-term (2.35), two-

term (2.45) and weighted two-term (2.60) exponential models (d = 2).
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One-term

Two-term

Two-term (weighted)

Case

A

At

A

A1

A

7

QO @E 0w

2.50 x 1074
2.27 x 10~*
3.78 x 10~*
3.34 x 1074
8.24 x 1074
2.33 x 107*
2.13 x 1074

1.51 x 10~*
1.42 x 10~*
2.40 x 107*
2.21 x 10~*
5.57 x 10~*
1.32 x 10~*
1.26 x 10~*

7.24 x 1074
5.61 x 1074
8.95 x 1074
6.81 x 10~*
1.58 x 1073
9.86 x 104
6.98 x 10~*

1.66 x 10~*
1.59 x 1074
2.75 x 1074
2.57 x 1074
6.59 x 10~*

1.58 x 103
1.29 x 1073
3.34 x 1073
2.52 x 1073
9.58 x 1073

6.23 x 107
6.57 x 107
7.03 x 107
7.44 x 1071
7.85 x 107
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Table A3: Surrogate model parameters for Cases A-G appearing in the one-term (2.35), two-
term (2.45) and weighted two-term (2.60) exponential models (d = 3).



B. Integral evaluations

The one-term, two-term and weighted two-term models for Cases C, D, E and G in Table 2.1,
outlined in sections 2.4.3, 2.4.4 and 2.4.5, respectively, depend on various geometrical constants
I, I, I3, Iy and I5. These constants are expressed as definite integrals for succinctness. Closed-

form expressions for these integrals, evaluated for d = 1,2, 3, are given below:

Homogeneous geometries

;

r—fp, for d =1,
Li(r) = < log (r/4) , for d = 2,
\ (r—24y)/(rly), ford=3,
(%(r—fo)z, for d =1,
L(r) = q 1 [2r?log(r/ly) — (r* — £3)], for d =2,
\ (r — o) (Lo + 2r)/(64y), for d = 3,
’%(r—&))g, ford=1,
Is(r) = q 1 [(r* + €3) log (r/€y) — (r* — €3)], for d =2,
\ (r—0o)?/(61Lp), for d = 3,
(i(r—€0)4, for d =1,
Li(r) = ¢ & [4r2(r* + 203) log (r/lo) + €} — 5r* + 4r2(3], for d =2,
r—lo)*(lo + 4r)/(1204y), for d = 3,
%(r—fo)g’, ford =1,
Is(r) = ¢ 535 20" + 4r203 + £§) log (r/€o) — 3(r* — £3)],  for d =2,
\ (r — £o)°/(12014y), for d = 3.

Heterogeneous geometries

r — 4o, ford =1, r—A{, for d =1,
V() = log (r/ty),  ford=2, and IP()=Slog(r/ty),  ford=2,
(r—4o)/(rty), ford=3, (r—401)/(rty), for d=3.
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